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Introduction

1 Motivation

% Predicting remaining useful life (RUL) and time-to-failure (TTF) of engineering systems is a key
enabler of predictive maintenance and system reliability in manufacturing

> Degradat|on S|gna| data System  Sensorl Sensor2 Sensor P Time-to-failure
i sa®)  sa(®)  se(t) 7
m In practice, there is no dedicated “degradation sensor”. A degradation signal is a 1 % WA || i’ | | Vi
1D time series engineered from existing sensors so it reflects aging over time! el 3 %«, w ..w‘ .. _— | ¥

. A . i Signals
e Step 1. Sensor Selection: Select only failure-informative sensors

- Group LASSO, Elastic Net, and other domain knowledge used N ﬁ‘," W Nf"’ N 2

pay <

Y

e Step 2. Feature Extraction: Reduce dimension of the selected sensors via PCA, or FPCA yi = g(sia(t). si2(t). sip(t))
- The selected top ‘K’ scores are extracted features ReatTime|  (@Big m— = - \A
e Step 3. Fuse the selected features into a 1D time-series ] %‘ il Lol W g
- Use the first principal component (Simplest but unstable) ol Test Degradation Signal
- Use other DL-based methods to fuse them into a 1D time-series
m Degradation data typically shows 1D exponential increasing pattern with noise : |
e Complex system shows non-monotonic, or multimodal degradation pattern E ’
(e.g., thermal cycling, load/speed changes, maintenance resets, and etc.) ;; ]
> Traditional RUL/TTF methods fall into two categories: A

m Model-based approach: Explicitly model stochastic degradation processes (Bayesian updating)
m Data-driven approach: Apply M/L methods, such as principal component analysis (PCA) followed by lognormal regression

NC STATE UNIVERSITY



Introduction

O Motivation (Cont’)

> Recent advances in generative deep learning provide alternatives

m Diffusion models offer probabilistic frameworks to reproduce complex and high-dimensional data

m Diffusion-based models have shown strong results in image generation, time series imputation, and recently RUL/TTF prediction
e RUL Prediction Using Conditional Score-based Diffusion Models (Tang & Che, PHM 2023)
e Remaining Useful Life Prediction Using Class-Conditional Diffusion Models (Zhang et al., PHM 2023)
e Bayesian Score-based Diffusion Models for Uncertainty-Aware Remaining Useful Life Prediction (Li et al., 2023)
e Diffusion Models for Remaining Useful Life Prediction with Uncertainty Quantification (Wen et al., 2024), and etc.

m  While these demonstrate feasibility of applying diffusion model for RUL/TTF prediction, systematic benchmarking against classical
baselines(e.g., Parametric methods; M/L-based methods) remains limited; how much does diffusion models perform better?

m They also tend to use curated datasets with relatively smooth degradation patterns, leaving open questions regarding the robustness of
diffusion models under more realistic or abrupt signal behaviors
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Related works

O Benchmark 1. Bayesian Updating: i.i.d & BM model

% Objective: To model the functional form of the degradation process

> Candidates: Exponential + i.i.d’ vs. ‘Exponential + Brownian Motion(BM)’

m Degradation is assumed to follow an exponential form: Model (with i.i.d. errors):

T S(ti) = ¢+ bexp (Bti He(t:)|- "_>
N
W Time-to-failure Where:

® ¢@: A constant (typically the baseline level)

‘ ‘ e @: A log-normal random variable representing the initial state of the component
1 i e [3: Degradation rate (normally distributed)

m i.i.d Model: This model uses a log-transformation to express the degradation process in linear form. Then, linear

Athrust ball bearing

regression can be applied to estimate the initial condition and degradation rate of each component

e(t;): Observation error, assumed to be i.i.d. normal N(0,0?) » L(t;) = In(S(t;) — @) = In6 + Bt; + e(t;) — %

m BM Model: Same modeling, yet with assumption that errors are from Brownian motion error

It is suitable for modeling degradation processes with time-dependent noise
e(t) = oW (t) where W (t) is a standard Brownian motion » L(t) _+ﬂt +&(t)

» Parameters of the distribution

Observed degradation signal amplitude at time step ‘t’
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Related works

O Benchmark 1. Bayesian Updating: i.i.d & BM model (Cont’)

% Procedure of Bayesian Updating

> 3 Steps: Assume prior distribution - Posterior update - Derive RUL distribution

m Step 1. Assume the prior distribution of the parameters in the two candidates as ‘Gaussian distribution’

(Can be estimated by training data) ¢ ~ N(us,02),

“Prior

: = L (¢~ o)’ 1 (8- s
ﬂ N N(IL,S,U?g) ‘ i ﬁ exp{— 2030 } = \/2ma} exp{_ 202fi }

m Step 2. Estimate posterior distribution of the parameters by combining priors and observed (test)data

i.i.d model: L(t)=6+8t +e,,

° - i ‘e, &
/By bayes’ theorem, p(¢',3 | {L(t:)})

RUL regression model

) 7?5 {L(t))) ocexp{ i[L(t)—e'

iid

‘Posterior”

~N00

W) () |0,6~N(¢+ 5, o) W S(L)....Lw) |6,6) H\/z—zp{ M}

F({L()} |6, B) =(¢') = (B)

leel|hood

2 2
20§ 207

e _(9’—#0')2_(3—u3)2} “ep{ 2022[ r}

# Posterior is a bivariate normal distribution: (¢, 3) | {L(t:)} ~ N (s, p5), =)
“This posterior is updated each time new sensor data is received!”

m Step 3. Derive the Remaining Useful Life(RUL) Distribution

e RUL ‘T’ is the time after the current observation tk such that L(t, + T)
Litr+T)=60+B(t:r+T)+

Thus, conditionally:

L(tk + T) ~ N(,U/B’ + #J(tk =5 T) po L(t’\ + T)

Define: p(te +T) = por + pp(te +

e(tr +T)

where e(t, +7T)

~N(0,02(T))

=D

— ¢ In the ii.d. error model: 0%(T') = o (constant).

‘ Then: L(ty +T) ~ N(u(te +T),

L ¢ In the Brownian motion model: 02(T') = o*(t; + T)

> e For the iid. case: U;‘:w(t,‘. +T) =05 + (t, + T)?0% + o?

L, e For the Brownian motion case: Cff,‘-,st(tk +T)=0p + (t + T)’0% +*(t;, + T)

o2(ty + T))
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Related works

O Benchmark 1. Bayesian Updating: i.i.d & BM model (Cont’)

% Procedure of Bayesian Updating

> 3 Steps: Assume prior distribution - Posterior update - Derive RUL distribution
m Step 3. Derive the Remaining Useful Life(RUL) Distribution

e RUL ‘T’ is the time after the current observation t« such that L(¢t, +T) =D

e Using the posterior distribution, L(t+ T) is treated as a normally distributed variable, leading to a CDF such that

P{T <t|L(t),..,L(ts)} = P{L(tx + ) > D | L(t1),-., L(t)} WP P{L(t) +1) > D} =|1 - P{L(ty +¢) <D} = 1 ‘I’(D;(fk(ik;t))

J - _,lL(tk+t)—D_u.9r+/,Lﬂ(tk+t)—D
W) (T <t [{L(t)}} = 2(9(t)) where o() - LLTD_D st s
m Fryiz(t) ~ (g(0))
d

e PDF of RUL: fr(t|{L(t:)}) = — Fr(t) =~ #(g(t)) - g'(t) Where: ® ¢(-) is the standard normal PDF,

e g'(t) is the derivative of g(t) with respect to ¢

A thrust ball bearing v:)

b 4
200 1007 6w 800 1‘\‘300 1200
v4 Time. \
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Related works

[d Benchmark 2. PCA + Lognormal regression model

% Objective: To model the RUL distribution with the dimension-reduced variables
> PCA on Training data(Xcai)

m  Use Xas Of the training data for each ratio

m Center the data by subtracting the mean (mu_hat): X, ..icea = Xots — f2

L XTX
1

m Compute the covariance matrix(C) of the centered data: € = -
m Perform eigen decomposition on ‘C’ to obtain eigenvalues (A«) and eigenvectors (¢«)
m Project the data onto these eigenvectors and determine the number of principal components (k) to keep 95%

m Truncate the PCA projection to only include the top ‘k’ components for each ratio

> Whole Procedure

Step 1: PCA in training data ‘ Step 2: Lognormal regression - Step 3: Prediction on Test Data - Step 4: Sampling and RUL Distribution

* Apply PCA on Xigy: Y _ gy * Log-normal regression fit: * Project X to PCA space: * Draw M samples of RUL from the predictive distribution.
obs obs - ; X(}:S[A — (I)T chsl
(RUL) =w' X3 +b+n, n~N(0,0) * Compute:
* Select number of components explaining 95% of total variance. i Pt T = mean/median(RUL samples)
* The truncation here refers to retaining only the d-dimensional PCA space: In(RUL) ~ N w" Xt +,0%)
XPOA ¢ * Back-transform:

obs

RUL ~ LogNormal(y:, o)

NC STATE UNIVERSITY



Preliminaries: Diffusion

[ Fundamentals of Diffusion Model

% DM consists of two procedure to generate NEW data by manifold learning and sampling from it

> [Forward] Take a data sample and progressively corrupt it with small amounts of noise until it becomes pure noise
> [Reverse] Train a neural network to learn the noise distribution added at each time step ‘t’

— Once trained, one can sample from a standard normal distribution and apply the learned reverse
transitions to remove the noise added at each time step and finally generate realistic data samples

% Forward Process

> Begin with xo ~ paata(X), Where Xo is assumed to have been standardized to zero mean and identity covariance

m Fort=1,2,..., T, we define the forward process as Gaussian MC transition: | ¢(z: | zi—1) = N (zs: V1 — Br i1, i)

e [ < (0,1)is the noise variance at step ‘t’

e Equivalently, we can write the forward process in generative form s.t:|z; = V1 - Bizi-1 + V/Brei—1, -1 ~N(0,1)

Forward diffusion process (fixed)

m One can check by induction that for any t, x: remains zero mean and unit variance as well!

E[z;] = oz E[z;—1] + v/B: E[e;—1] = 0, and
Var(:r:t) == (1 — Bt) Va.r(att_l) + rBt Var(et_l) == (]. — /3t)l + ,BtI =
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Preliminaries: Diffusion

1 Fundamentals of Diffusion Model t t
at'zl—Bt @t::HaS:H(l—Bg)
% Forward Process (Cont’) = N
> Reparameterization: Simplifying Forward Process, q(x: | Xo) e.,“(’*"“)eﬁ

m By denoting a: = 1-[3, and combining two Gaussians,

Yefonveoriaden: st ok~Fe o %= T4, o1

e One can sample x: directly from xo in one step s.t: o= [tk {fesn |t € o) Yired,
= - = = = o Zny W]t St
q(x | o) = N(a:t; Vg xg, (1 —ay) I), or z; =+varxg+V1—are, €~ N(0,I) =W1§%m+mé&}+ﬁeﬂ

% Reverse Process

= JWJ@MH%.C = ooy Lt + [ eGae) Sea + T St 3

T I = [ty T 1[0kt St e Ty W Gugsions
= =R AR €, dae € et umins
Honce, 9&el) = M(T %, %) T)

> We're assuming that reverse process is also MC, yet intractable to obtain a closed form

q(x¢—1 | z;) (intractable):

Using the conditional marginalization formula,

Q(It—l | -Tt) =/

q(xt—1,z0 | x¢)dxo = /Q(-’L’t—l | ¢, z0) q(zo | x¢) dzo,

where q(zo | x¢

) = q(x¢|70) pdata(zo)

) is intractable due to unknown pg.:,, SO we cannot evaluate this integral directly.

> However, by leveraging the reverse-step Markov property, we can replace this intractable marginal posterior with a

tractable conditional Gaussian

q(z¢ | fIIt—l) Q(-Tt—l

that depends on the original sample xo

| o)

, where q(-’Et | -Tt—l) ZN(iUt; \/(Ttﬂ?t—laﬂtl)a q(-Tt—l | -To) Tt 13V Qt—1 o, (1 - &t—l)l)a and

q\Tt—1 | Tt, o) =
( I ) q(z¢ | o)

q(z¢ | Zo) = N(@; Vau zo, (1 — au)I)
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Preliminaries: Diffusion

[d Fundamentals of Diffusion Model

% Reverse Process (Cont’)

> Completing the square yields the known Gaussian s.t:|q(z:—1 | z¢,20) = N (z¢-1; fit (2, 20), Bl

| 3 I — a1 \/Oét 1 Bt Voair(l —og-1)
s = Zx,
m  with By = 1 — Bt and ,ut<Tt 70) i zo + 1, — @ Tt § e Boves o, (Xl % )= qu ,G)x’) Yz
_dCarmz) [96n%) " T&5fim)
> |n practice, we often rewrite i (ze, o) in terms of the actual noise €: s.t: 9. <) q“@;j
1 1 s W‘:{’ el )~ egod
" — ay T — /0t g il i i febroneetfin
fit (e, x0) = \/—a_t(ﬂit = mﬁt), where € = % from z¢t=+varzo+V1—are, € ~N(0,I) L»qgt\zm/ﬁ@clzro e = o9(-+& Mj‘L) /étlh)
“ qalz)= o+ ‘Wf))}w w ) =9{-+Crz )]
m This alternate form will be crucial when we parameterize the mean of our model Qe )~ o <D ‘
to predict e: directly in the reverse process oo o [-4{Gcffnd, GlES (zt-x_%az_tz;ﬂ

L

> We, therefore, can approximate the intractable marginal q(x-1 | x:) by a Gaussian o HE T e i 5 o st

distribution due to q(xe1 | Xt , Xo) = q(x+-1 | xt) by Markov property =9<p[ L{iﬁ-ﬂf—}] Jerce. el %) MG, x)
. O it - ("M %ﬁ%
> Now, we want to learn the parameters by a Neural network s.t.: = i
5 = TRk R
po(zi—1 | x¢) = N (2e—1; po(xt, 1), 05 (2, t) I) T, A 2 -+ Sy + ]
> How to learn? - o+ ri G- F T v cen]
. : —w[(i‘ﬂfq)i *Im*%i* %t + €& D)
m By minimizing the KL-divergence of the two [KL(q(x;—1 | 21, 20) || po(zi—1 | 1)), e, Ni;))* %(i:w }n
= XP = w
we can learn how to denoise at each step ‘t’ iteratively to get xo from x: s.t: —w[—liw] L:;ﬁ;:j) ﬁ;f Q; %
o Wy f = e i
®o, BE T %
po(xi-1 | z¢) ~ q(z-1 | 24) wﬁmwg e = J;m}:,ii;
is & ik ve ek B, & TR My

fradt Jy i« = Tam G q—et\ [ze= [F 2 (TR o Tebomerenzbin |

Figure 5: Handwritten derivation
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Gaussian-to-Gaussian KL Formula

The KL divergence between two multivariate Gaussian distributions in R¥, each with
diagonal covariance, is given by:

1 /o2 — o[ o2
Dia. (W1, 03D [ N s o3D) = 5 (2 + P2 — ko )
2 2 1

This expression compares two Gaussian distributions:
o N(u1,02I): the true posterior q(z;_1 | x4, 70)
o N(pa2, 02 I): the learned reverse model py(xi—1 | 2¢)

Each term in the KL formula has an intuitive interpretation:

: captures how the posterior’s variance compares to the model’s variance

®
koqm'r—qw

o2 , ; ;
® % measures the difference between means, normalized by model variance
2

e —k: compensates for dimensionality

|Q
= NI N

e klog —3: accounts for the entropy gap between the distributions

NC STATE UNIVERSITY 12/20



Preliminaries: Diffusion

[d Fundamentals of Diffusion Model

< How to train the Reverse Process?

> The ultimate goal of training a diffusion model: Maximize the marginal likelihood of log ps(Xo)
T
—— pol20) = /Po(-To;T) dxyp = /P(-IT) [Ipo(zi-1 | 20) darr
: t=1
m Integration space dimension =T x d - Computationally infeasible & analytically intractable!

> Therefore, we resort to variational inference techniques such as “ELBO-based optimization”
m  We can modify the marginal likelihood log pe(xo) to get its ELBO function ovarendarishg rcess Genrai

po(xo.1) :
+ log pe(z0) = 1 1 . PoATer) 4. " d .
0gPs(e0) = log [/ d(@ir | 20) q(r1.7 | 20) rl'T] - .l..

¥ Noise
= log |E it e e
- R N i Mt | St I Wt
Q(Il:T|10) Q(-’EI:T | -T()) \ A A A A \
) po(xo.1) ‘ . PR T /
2 Boytaiona) [log <m>} (by Jensen’s Inequality) " M.T;,J‘ i«;: Q.Illllx bty = | Mo ,,‘x.,.lnl PolXe-1]t)
L . v { FAAN 1 g Xt L) 0 fse

= ]Eq(rl:T}aco) [logPG (xO:T) - IOg Q(-TI:T | .’E())] Trainable netwark

Figure 7: Reverse Diffusion Process

log po(0) > Eqay.r|zo) [logpe(xo:T) —logq(z1.7 | To)J 16,7 o0 bl Gl = HOAED, 55 )

£(6; z0) (ELBO Pl Goaf B min & o fraeies (5 v e
(6:20) ( ) ﬁm@ Pee)x (el ) ra(zT-l'IH"r)" Aol 7, 25)

Merasy < )~ %ﬁ Po@ﬁ/) %M_&i %ﬂ%ﬂ”ﬁ;@”)

R ey (&) el -1 Col %) = f(‘T)'I}foﬁzﬂlit)

) (o) = 1) T Bl NWWW?%M%
[ o) = )~ i-rmx)?wwm i AT
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Preliminaries: Diffusion

[d Fundamentals of Diffusion Model

% How to train the Reverse Process? (Cont’)

> ELBO Decomposition
T T Does not depend on the model parameters ©.
_ _ ’ When we take the gradient of the ELBO with respect to ©
u Recall ps(wor) = plor) 1:[1279('%_1 |), @@y | @) = UIQ('“ | @t-1) during optimization, this term contributes nothing. Hence, it
o ) = ) &= can be safely omitted from the loss function for training.
B Substituting these into the ELBO gives:«

ELBO(x0; 0) = Eg(2,.1|x0) [108 Po(zo.7) — log q(z1.7 | -’130)]

B 2
= Eq(ay.riao) [l08 (1) + Y logpg(zprTa) — Y logq(w | -'Irt_l)]

L t=1

T
:EEQ(OJL:TIz())[lng(xT)] +Z]E (z1.7|T0) [lngg Ty | Tt Z a Il:,rm)[log q(xy | xt_l)l
t=1"

prior term N reverse transitions forward transitions Y, Law of total expectation & Markov property

Eq(ztleo) [Ea@i—1|ae,zo) [1089(t | 21-1) —logpe(wi—1 | 24)]] = / q(x¢ | o) [/ q(we-1 | 21, 20) (log gzt | w—1) — log po(we—1 | 21)) d-Tt—l] dzy

Ty | Bl
= /q(mt | -’EO) [/ q(wi_y | x4, 20) log wd%t—l] dxy

po(l‘t—l | -Tt)
= Eq(z¢|z0) [PKL(q(zt-1 | 21, 20) || po(Tt-1 | 71))]

B L :=E 00 [Dxu(q(@i—1 | 20, 20) || pa(2i—1 | 2¢))]: measures how well the learned reverse process approximates the true posterior
m Negative ELBO as Training Objective:
T-1
1
—ELBO(z0;0) = Ly + » L + Lo — Ly ~ Eq(a,jao) [;Btlwue(xt,t) fie(@y, o \|2] -Ltm ZIE (zea0) Lll€0(s,t) — €]|”] + const
t=1 q(xt-1 | 21, 20) = N (2115 fitr (¢, T0), Be])

simple __ _
Po(zi-1 | 21) = Nors; poon,t), So(wnt) Lt = Batwlen) [leo(zn ) —eil]
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Preliminaries: Diffusion

[d Fundamentals of Diffusion Model

% Sampling Process
> Summarise of Reverse process: Remove the noise added at time step ‘t' from Xt to Xt
m True posterioris q(z:—1 | z:) which is intractable, yet it can be replaced by q(z¢—1 | z¢, x9) = N(a:t_lg it (e, o), Btl)
e We know the closed form solutions of the parameters, meaning we can model them!
m Learned approximation is what | am modeling via po(zi—1 | z¢) = N(mt_l; po(xs,t), 02 (x4, 1) I)
e [t takes xt and the time index ‘t’ as inputs, and produces a mean vector ps(x;,t) and a covariance matrix 2e(x:t)

> Once the model ps such as po(zi-1 | 21) =~ q(z:-1 | 2¢) is trained, we can generate new samples via following procedure:

1. Draw an initial noise sample zp ~ p(zrp) = N(0,I), which approximates the marginal Reverse denoising process (generative)

q(xr) corrupted by the Forward process such that
T Data | l.
gz | z0) = [ [ a(a | wi-1) X X X

Noise

Xy Xy Xy

; 7
2. Fort=T,T —1,...,1, sample p(xr) =N(x7:0,1) b | Polxor) = plxr) [T polxe-1lxe)
Po(xs—1|xe) = N(x¢—1: pg(x¢.t). o71) t=1
Tt—1 Npe(.’Et_l | 'It) = N(l‘t—l; /1'9('Tt7t)1 29(Ttt)) Trainable network
Xi—1 = v/-:_‘—! (x, — —1\/]_—%_!.—'50()(, . {)) + 02 Figure 7: Reverse Diffusion Process

e, £ G el 2 fy Cone) = (A Ge), 3G 1)
Pi Gl o inG N roeies (5w vend e

3. After finishing down to ¢ = 1, z(y will be the our generated output as seen in Figure 7. T, o o) = P B 20) X o) K ) = A 2126, 2 -, )
oo (= Hop BPn 2T o e =L o) & )

AR T I S R CORC) ()

=Ty RTINS I AR
(o) = P Fhanic) ﬁijyé 13@ M\y; S»?wm) - g -
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Preliminaries: Diffusion

[ Fundamentals of Diffusion Model

<% Algorithm summary

Algorithm 1 Training Algorithm 2 Sampling
é: repeat s 1: xr ~ N(0,I)
£ 2 SYRaRg 2: fort="T,...,1do
i: . [j{;}(’(f)orll)"({l’ T} 3: z~N(0,I)ift > 1,elsez=0
. Enrv N —a
5: Take gradient descent step on 4 X411 = \7},—7 Xt — —\}-—1—;——;—_1%69()(1,15)) + o1z
Vo ||€ — ea(v/@ixo + /1 — ave, t)H2 5: end for
6: until converged 6: return xo

1. Sample Gaussian noise
t=T=1000
X =N, I)

1000

2. Iteratively denoise the image

onee P

pred noise

pred noise

o |~

pred noise 5 ;
pred noise

o |~

pred noise

pred noise

NC STATE UNIVERSITY



Model Architecture

1 Model architecture

< Conditional Diffusion Model

> Forward Process

m Gaussian Process Noise Injection

m Control the magnitude of noise added at each time step: Cosine-scheduler
> Condition Encoder

m Positional Encoder(“Sinusoidal”): Encode time step(‘t’) & diffusion step(‘i’)

m 3 GRU(Gated Recurrent Unit) Encoder: Encode Xobs

Forward Diffusion

Original Signals Normal Distributed Noise
1| ’ | |
Unconditional ol e ol ~ 'Llhl' ﬁ
| LI [—F
______ 1} W | Backward Unconditional Diffusion
Observation (Xosa) rl arget ( Y,,,,.) o ® M0 po w
|i __________ " Synthetic Signals
I
Forward Diffusion Process
¢ 1 Add noise at each time step: Gaussian Process Noise Addition + Cosine scheduler Noise

1
! 1 )
2l e v 3 A oo 1 il
i e ‘_a_r&'._\l Rem&re_nous_eat_eazl time step scheduler % _ _ __ _ __ ¥Y__ _ I
Conditional ! } 31 ' '

embedded  Noised
Transformer t. i, Xoss Xear

A
|
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Model Architecture

1 Model architecture

% Conditional Diffusion Model (Cont’)

> NN architecture of reverse process: Transformer block
m 1st FeedForward: Simple MLP(Hidden layer + Relu) to project ‘embedded conditions’
m Self-attention: Use multi-head attention with ‘Residual connection’

m 2nd FeedForward: 2 Layers of MLP + Dropout + Normalization

| RN R VAR VL |

Predicted Noise
L J
orward Diffusion .
Original Signals " NormalDistrbuted Noise MLP with Dropout & Normalization layer +— il
:T - ’- - '- W{“ / . Transformer block
AW, A

Unconditional L¢J‘u ﬁ HWM H ‘ Hidden dimension
l onbl:s TR i
...... f ‘I“ ) ward Unconditional Diffus f 7

Observation (Xoss) 1 Target (Xiar) | T Self-attention layer
l‘l‘ _________ .zl A Synthetic Signals ’

I Forward Diffusion P ' Feed '
orwar 1TTusion Process . .
) t | Data 1" Add noise at each time step: Gaussian Process Noise Addition + Oosme scheduler Noise I Concatenate H PijeCted X | FOTWa;'d «f—  Noised X
I AN I , H. \ j i j Module .
| 1 LAWA [ V ‘ w \M N
y Sttt nld gr e b2 L Vral { A od S
: : : : __rgs_i Remove noise at each fime step Sehpdier T\ eocana oo i W s ' 14 ]Fe Forward M ule " | L
o | xEE ) i
Conditional ( ‘ l f | W'
! [ NVI J | ,v‘* ‘

o - S .

e
(SO 4 _'_1 - | Cross Attention Layer
embedded  noised i i

Transformer t i, Xobs Xtar _— — . — !
A Embedded X Embedded t' Embedded i

|
: [} R [ )

GRU Sinuéoidal

NC STATE UNIVERSITY



Model Architecture

1 Model architecture

% Conditional Diffusion Model (Cont’)

> Training
m Loss Function: MSE between the predicted noise and the true noise added to the target signal

m Learning Rate Scheduler: Increase ‘Ir’ gradually up to 300 iterations and then exponentially decrease ‘Ir’

m Early stopping with a patience of 500 iterations

L=E|

€ — €]|’]

> Sampling

m Start with a random Gaussian Noise

Predicted Noise
T

MLP with Dropout & Normalization layer + s
/ i / Transformer blocm

Hidden dimension
)

. . 1 , ;
m Remove noise at each time step: z; = =3 (:):t_l -B. \/16_
— 'u — a

Forward Diffusion

Self-attention layer
\

ise
T T ‘ ‘
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| e s ‘ s
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Experimental Settings

1 Dataset

% Level 1. Typical degradation pattern

> Type 1 (Monotone): Exponential growth, perturbed by Brownian-motion noise throughout
> Type 2 (Non-monotone): Initial exponential growth, a short pullback, and a subsequent exponential rise, with

Type 1 Signals % Type 2 Signals
- Threshold = 30

Brownian perturbations throughout

% Level 2. Complex and irregular degradation pattern

> Complexity 1~4: Randomly inject K localized bumps on Type 1
m Thelevels are K=1,2,3,4 for Complexity 1~4 respectively, and bumps sampled from U[1O 20]
e Induce abrupt local trend changes that mimic thermal spikes, shocks, or control instabilities

> Modality 1~4: Trajectories generated under multiple operating regimes with higher variance
m The number of extra regimes increases with the level: M=1,2,3,4 for Modality 1~4
e Multimodal TTF distributions with heteroscedastic behavior, capturing shifts in operating conditions

Complexity 1 Complexity 2 Complexity 3 Complexity 4

a0 40 a0 = a0 g
p Modality 1 Modality 2 Modality 3 Modality 4
200 Mode 1 (1+60) g Mode 1 (t+50) [’!' Mode 1 (t+50 Mode 1 (1250

/

60

Signal value

40

Signal value
Signal value
Signal value

0 25 50 75 100 0 25 50 75 100 0 25 50 75 100 0 25 50 75 100
Time step Time step Time step Time step

o 0
0 25 50 75 100 0 25 50 75 100 0 25 50 75 100 0 25 50 75 100
Time step Time step Time step Time step
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Experimental Settings

d Two Critical points

<% Point 1. Bayesian Update vs. Diffusion
> Limitation of Bayesian Updating (lID and BM)

Bayesian updating models predefine a fixed functional form of signals (e.g., exponential with i.i.d. or Brownian noise)

> Our perspective: Learn the manifold itself and sample from the latent space!

Update parameters to best match the observed signal

— But, this method still assume the fixed functional form (Analyze the signal pattern within the frame of the assumed form)

The model performs parametric model selection (e.g., btw I1ID and BM), rather than learning the true degradation behavior

This approach can be effective when the degradation signals exhibit smooth, monotonic trends under stable operating

conditions—situations where the predefined functional form reasonably approximates the true degradation behavior. In such

structured environments, the limited flexibility of Bayesian updating may help reduce overfitting and yield reliable predictions

However, what if the signal exhibits:

e Highly irregular, Non-Gaussian, or Multi-modal due to mixed failure machines?

Idea: Do not assume a prior distribution — instead, /learn the distribution directly from the data!

Fundamentally different modeling philosophy:
— Not model selection, but manifold learning from raw data

Can samples from complex signal dynamics such that:
e Highly irregular, and even multimodal behaviors

/" Assume a prior distribution

\_ = Accept this assumption!  /

[ Update parameters J

.

[ Compare with real RUL J

'

[ “Looks OK" ]

Conditional Diffusion

[ Raw Degradation Data J
|

v
[ Train Model & Fine-tuning ]
|
v
[ Learned Manifold ]

\_ - Leamitfrom data itselfl /
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Experimental Settings

[ Design of Experiment for Point 1: Bayesian updating vs. Diffusion
+% Bayesian Update Model: iid, BM

<Degradation data>
250 A

Time

Train

L data E> Step 1. Estimate the prior of parameter

80%

200f St)=¢+6 eﬂt‘f’“'(f)—%cr?t

- § ~ N(up,2), B~ N(us,0l) - (#) = — Qexp{i"';fjﬂ’y} — Step 2. Observe {L(t),...,L(t)} & Compute the likelihoods
(e.g., N=10,000) (g=In@) Vo o - istributi
) = exp{f(ﬁW} Update posterior distribution
9] :——Test Vol s
data Step 3. Derive RUL distribution in closed form solution per
50 1 (# of total test data =T) )
each test signal;
- s 5 o % s Compute RUL median via inverse-CDF;
@ —— Sample ‘M’ RUL per each test signal & Take mean!
0ATh | o4Th 06Ty | 08T, @ T
Al M ] A ML AL M) [ R] M RUL distribution
7 B 7] | o | 0F adn_| o8
o | 04T, | 08T | 681 | pug| o2 [T Tk e wou e :
FH' Test| 82 81 79 75 . wHaL : => " )
T2 | 12 77 75 72 . ot Tl A |5 =
s s 85 77 70 “10 Fold CV” - MR )
BT 16 75 7 68 ol /o
Feld/fe
Pl 2
© (o) . ’ . ¢ )
Fold / Step 4. Compare ‘Predicted_mean_RUL’ with the ‘Real RUL’ : RMSE, MAPE
L S o 100 o~ | — i
RMSE = N;(”’ ~g)" MAFE=—% Z:; " I
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Experimental Settings

o .6, Tt 853 Rato 614, st 853 Rato 82, st 853
g b / o s e /
» ; |
A .-
i : | ) \A/V/ﬁ/\/\/
& ]
0 - |
o) s N ISt .

[ Design of Experiment for Point 1

Type 1

<% Diffusion Model

<Degradation data> ) e | //j J ; /j j
250 egradaation aata : ) A 2 s x
s Train . s e R | Mgt N il 17 /J
w0 S) =4 0oV et | data |:> Step 1. Train a Conditional Diffusion TR e e s R e e e e e e e e e e e
5o Model for each ratio — Step 2. Use condition(observatory signals) as input for each ratio
(e.g., N=10,000) ) (2:8, 4:6, 6:4, and 8:2) & Generate ‘M’ samples(target signals) per each ratio
0] < Test
50 | e (# of total test data = T) Step 3. Compute RUL by taking mean of ‘M’ sample values
01, 7 . . . . O."TA o"'TA O.éT OST 11 . . . ”
0 20 40 : 60 80 100 INELNBEENNRENNREL RUL distribution
@ Test | Joelos |- |81 ] = 5 = o;‘n 04Ty | 08T | 08T
Py o2 [ ]3A [ S5 > ek e eon { El e~y
y Al BN B z » ;" T
Tt TIs 7] |22 MT':" =
OAT4 | 04Ty C06TA | OBTA “10 Fold CV” Fha| :
Pol | Testl 82 81 79 75 AE FA /o
T rt2 18 77 75 72 Rk
: : 85 77 70
BT 16 75 71 68
Fb 2
: Step4. Compare ‘Predicted _mean_RUL’ with the ‘Real RUL’ : RMSE, MAPE
Fold /o
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Experimental Settings

d Two Critical points

< Point 2. M/L based RUL/TTF Prediction Model vs. Diffusion Model
> Limitation of PCA-based M/L method

m ‘PCA projects original high-dimension into a lower dimension in “linear subspace”
e Cannot preserve complex, curved manifolds of degradation trajectories

m ‘Log-normal regression’ assumes a smooth, unimodal, and skewed distribution
e Works only when failure times follow a single, predictable trend!

> Struggles with non-regular degradation patterns like: Heavy-tailed behavior, Multi-modal patterns
e ‘Log-normal regression’, after PCA, models the signal pattern in linear context only

> Strength of Diffusion model

m  With sufficiently large network €4, any continuous data pattern can be approximated to high precision

e The more complex the real pattern is, the better Diffusion Model works!
e It can directly reflect the manifold including non-regularity
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Experimental Settings

[ Design of Experiment for Point 2: M/L-based model vs. Diffusion

% Classical Method: PCA + Lognormal regression

<100 Bearing data> A

Train

data :> Step 1. PCA on Xobs Of train data(Xtain) with 95% variational explain
for each ratio model (20, 40, 60, 80%)
Fit a log-normal regression model with [Xobs-after-pca, l0g(RUL)]

In(RUL) = w' (¢] Xobs, - - -0 Xobs) +b + 1, 1~ N(0,0%)

250 A

200 S(t) — ¢_+_ Hetit*all’(t%%azt

150 4

(e.g., N=10,000)

100 A J
Ml 32& > Step 2. Project Xobs Of Xtest oONto PCA-space using eigenvector(¢x)
] (# of total test data = 1) Compute the prediction by applying Xobs-atter-pcaonto the
ol - - e - — log-normal model: In(RUL) ~ N (g, 0?) where p=w'z+b
@ Step 3. Sample ‘M’ RUL samples at each ratio & Take the mean
O-’“TA 04‘TA QbT 08T @ . . . »
Al TR T T AT R AT A RUL distribution
04T | 04T | 08T [ 68Th wut| or2 ETET T e . wonp T s e
hylietl ] 82 [ &1 [ 70 [ e SaEam =>| e
(Bl B Les 1ot 177 | ouyrgacy 2l =
i { 85 77 82 ° : Rld /o
BT | ¥ 81 82 71 e
Fil 2
Fold /o Step 5. Compare ‘Predicted_mean_RUL’ with the ‘Real RUL : RMSE, MAPE
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Experimental Settings

1 Design of Experiment for Point 2

Type 1

<% Diffusion Model

\ e Al A A A
2504 <Dearadation data> o "’ s » d P | el g /m/
w0l S(t) = ¢+ @efHWO-1" | data |:>Step 1. Train a Conditional Diffusion T e s e e e e e T e e e w s e e
5o Model for each ratio —> Step 2. Use condition(observatory signals) as input for each ratio
(e.g., N=10,000) ) (2:8, 4:6, 6:4, and 8:2) & Generate ‘M’ samples(target signals) per each ratio
0] < Test
50 { e (# of total test data = T) Step 3. Compute RUL by taking mean of ‘M’ sample values
1 Ko - . . . . . O."TA o"'TA O,éT OST & o o o ”
0 20 40 : 60 80 100 INELNBEENNRENNREL RUL distribution
@ Test | Joelos |- |81 ] = 5 = o;‘n 04Ty | 08T | 08T
Pl mfrz 7123 il ) ¥ Toke fhe oM ¢ 2] T
aaaEe =~ | bt
- fld 2
0T | 04Th 06ThA | OBTA “10 Fold CV” FH2) 3
Pol | Testl 82 81 79 82 AE FA /o
T rt2 18 83 81 77 R
; : 85 77 8D
BIT | 16 81 82 71
i 2
: Step4. Compare ‘Predicted _mean_RUL’ with the ‘Real RUL’ : RMSE, MAPE
Fold /o
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Results

[ Results Analysis

% Recall the focus of analysis

> Model performance comparison under varying signal characteristics
m To find where Diffusion-based RUL/TTF model perform better than SOTA models and how much better?

> Assessing how performance evolves as more of the signal is revealed

< Point 1 (Diffusion vs. Bayesian Updating) Results

> In type 1, Diffusion outperformed Bayesian updating as data size increases (sample size = 5000)

m Bayesian update: competitive performance under limited training conditions (sample size < 5000)
e Due to the alignment btw their parametric assumption and the structure of the data

[ 10 = BM =R Diffusion|

Type 1 Signals

(Sample size = 100) (Sample size = 1,000) (Sample size = 5,000) (Sample size = 10,000) 50

80 -- Threshold = 30
o
60 é o = °
o o 8 § o o 40
w o
2 40 e} 8 (5]
@ o ° & o]
. e mg iz i 3 b
= -
o - = 4
0 e = -l 18 1i 3 ¥
2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2 -g | / / 4
©l ° : : 22 A
o ) iy
60 o 2 8 § ° 5 ‘ y
w o é ° 8 io . ’
% 40 Q 8 8 4 .
= o o % [¢] o o Py
o oo o o ko
2 8 5 ’ o
> T = § T ot 18 : e
0 0 20 40 60 80 100
2:8 4:6 6:4 8.2 2:8 4:6 6:4 8:2 2:8 4.6 6:4 8:2 2:8 4.6 6:4 8.2 Time step
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Results

[ Results Analysis

<% Point 1 (Diffusion vs. Bayesian Updating) Results (Cont’)

> In type 2, Diffusion demonstrates clear / robust superiority across all observation ratios (including 8:2)

m Even with smaller data (2 1000), Diffusion consistently yields lower RMSE and MAPE than BM model
e This performance gap widens as the training set becomes larger; Type 2 Signals

50

Threshold = 30

e Highlighting the ability of diffusion to model complex degradation dynamics

40

m BM model plateaus due to its heavy reliance on predefined priors IS )
[ 1D =N BM 3 Diffusion | ? 20 i
(Sample size = 100) (Sample size = 1,000) (Sample size = 5,000) (Sample size = 10,000) 10 o e it 7
80 -
9 § [e) 8 00 = 20 40 60 80 100

w = o é 8 g o o Time step
§40 o + % g g o

20 o o o o _ BM-Dift

0 §§° .ia 6.1.% @ % ii *_; A = =25 % 100 %

2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2

Setting ARMSE (%) AMAPE (%)

g :
(o] 2 (o] ©
8 8 g 5 S Type 1 10.04 £56.89 3.97 + 68.77
8 8 . 0 Type2 63.35 £27.08 63.12 £ 27.40
8 % +i a; *; Aggregate improvements of Diffusion over BM when
2:8 4:6 6:4 8:2

MAPE
oO® ® O

N=10,000 (Mean *+ Std)
2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2 2:8 4:6 6:4 8:2
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Results

[ Results Analysis

% Point 2 (Diffusion vs. PCA-based Lognormal) Results

> PCA+Lognormal performs well in Type 1 and 2 between 2:8 and 6:4
m Threshold crossings are drift-dominated with approximately homoscedastic variability
e Residual-life distribution remains well behaved and a PCA feature set with a lognormal TTF fit is adequate!

> At 8:2, Diffusion attains lower RMSE and MAPE in both types
m Near-threshold crossings are noise-dominated and heteroscedastic, yielding skewed and unstable residual-life
distributions that a linear PCA feature set with a parametric lognormal fit cannot represent!

> Insight: Diffusion-based model outperform M/L-base model when RUL distributions are noise-dominated!
m This will give us a chance to evaluate model’'s robustness under challenging conditions

[== Dpiffusion =3 PCA+Lognormal |

(Type 1) (Type 2)

8 Type 1 Signals Type 2 Signals

Lodeta E;é;é;;%

8
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v

(=]
v
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=== Threshold = 30 === Threshold = 30
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&
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o
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w
=3

Signal value
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Results

[ Results Analysis

Signal value

<% Point 2 (Diffusion vs. PCA-based Lognormal) Results (Cont’)

> Complexity 1-4 Results
m Low-Mid ratios: Threshold crossings are largely drift-dominated with approximately homoscedastic variability
e PCAfeatures with a lognormal TTF fit remain competitive!
m From 6:4 ratio: Crossings become noise-dominated and heteroscedastic

e Diffusion achieves lower RMSE and MAPE, as it learns the dynamics near the threshold that are not well-captured by
linear projections with a parametric lognormal fit

Zoomed in

[ Diffusion [ PCA+Lognormal ||:| Diffusion [ PCA+Lognorma||
(Complexity 1) (Complexity 2) (Complexity 3) (Complexity 4) (Complexity 1) (Complexity 2) (Complexity 3) (Complexity 4)
100 100 100 100 ° 100 100 100 100 °
8 § T 8 o g g 8 o
80 & & 8 8 8 & E 80 8w 8 80 8 g é
w w
|:! 60 60 60 60 E 60 60 60 60
w w' 8
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Z 4% 40 ° 40 ° 40 2 w0 40 40 9 40
2 Q ° ° o o
20 20 é 20 % 20 20 i i 20 é 20 i 20
0 0 0 = 0 0 0 0 0
150 150 150 T 150 150 o 150 150 o 150 8
o
12 12 12 12
o 125 > § 5 o o 8 s 125 125 5 5| 185 8
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. 100 100 § 100 100 < 100 100 g 10 100
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] 0
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Results

[ Results Analysis

O H . . L]
% Point 2 (Diffusion vs. PCA-based Lognormal) Results (Cont’)
> M Odal ity 1 _4 ReS u |tS 200 Modality 1 100 Modality 2 100 Modality 3 100 Modality 4
= Modality 1 5 & " "
e Multi-modality ends near the 6:4 ratio £ g w ol Eol
e Noise-dominated: ‘4.6’ and ‘8:2’ ! ¥ )
. O o B % 7B 10 0 2 S 7 0 N
m Modality 2~4
e Regime switching and sensor drift raise ‘structural variance’ and introduce ‘between-regime mixtures’
e Noise-dominated: ‘5:5" to ‘8:2’
Zoomed in
[ Diffusion [ PCA+Lognormal | Diffusion [N PCA+LognormaI|
20 (Modality 1) 80 (Modality 2) 80 (Modality 3) 80 (Modality 4) " (Modality 1) - (Modality 2) i (Modality 3)
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Results

[ Results Analysis

<% Point 2 (Diffusion vs. PCA-based Lognormal) Results (Cont’)

> |n both Type 1 and 2, observation ratios from 2:8 to 6:4 are largely drift dominated with near-homoscedastic variability.
PCA+lognormal baseline remains competitive. Near 8:2, the crossings become noise dominated and heteroscedastic, and
diffusion attains lower RMSE and MAPE by modeling the near-threshold dynamics that linear projections with a parametric

lognormal fit cannot capture.
m At 8:2, Diffusion achieves about 90% lower error than PCA+lognormal in Type 1 and roughly 32% in Type 2

Setting ARMSE (%) AMAPE (%)

Type 1 90.55+2.10  90.05 =+ 2.13
Type2 33.14+£18.51 31.74 + 19.42

> Across Complexity 1 ~ 4, the average improvement over 6:4 ~ 8:2is 74.47 + 6.17% (RMSE) and 75.94 + 6.50% (MAPE),
m risingto 78.62 + 5.09% and 79.14 £5.75% in the zoomed in case of 5:5 ~ 8:2

> Across Modality 1 ~ 4, the corresponding gains are 57.21£19.17% and 56.53+20.51% for 6:4 ~ 8:2
m rising to 59.50+£15.71% and 59.81 £ 17.54% for the zoomed in case of 5:5 ~ 8:2

Improvements of Diffusion over PCA+Lognormal on Complexity 1-4 Improvements of Diffusion over PCA+Lognormal on Modality 1-4
Setting ARMSE (%) AMAPE (%) Setting ARMSE (%) AMAPE (%)
Average at 6:4 and 8:2 74.47 £6.17 75.94 £6.50 Average at 6:4 and 8:2 57.21 £19.17 56.53 £+ 20.51
Zoom-in (5:5-8:2) 78.62£5.09 79.14+5.75 Zoom-in (5:5-8:2) 99.50 £15.71 59.81 £17.54
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Further research

[ Limitations and Further Research

< Evaluation relies on simulated datasets

> Although these simulations let me control data complexity and variability, they cannot yet fully reproduce real
sensor noise, covariate shift, or operational interventions observed in practice
> To enhance external validity, | plan to use real-world data for generalization under realistic operating conditions
m |IMS bearing data, NASA C-MAPSS, and etc.

% Diffusion-based inference is more computationally demanding than baselines

> Few-step samplers (e.g., DDIM), progressive distillation, and optimized noise schedules can reduce the number of
reverse steps required

% Deployment often requires online/streaming inference as new observations arrive
> Federated learning for privacy-preserving deployment, Meta learning, Few-shot learning, and etc
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