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Abstract

Accurate prediction of remaining useful life (RUL) or time-to-failure (TTF) from degra-
dation signals is a central problem in prognostics and health management across domains
such as aerospace, manufacturing, and energy. Existing approaches largely fall into two
categories: model-based methods that explicitly model degradation trajectories under para-
metric assumptions, and data-driven methods that directly map observed signals to failure
time via dimensionality reduction and regression. Representative examples of these ap-
proaches considered in this paper include Bayesian updating and PCA-based lognormal re-
gression. While effective for smooth and monotonic degradation patterns, both paradigms
often degrade when applied to irregular, nonstationary, or multimodal degradation pro-
cesses commonly encountered in real-world environments. To address these limitations,
we propose a conditional diffusion—based generative framework that learns the full con-
ditional distribution of future degradation trajectories given partial observations, enabling
flexible and probabilistic TTF prediction. By modeling the data distribution directly, diffu-
sion models can approximate nonlinear, heavy-tailed, and multimodal degradation behav-
iors. To rigorously evaluate performance, we construct synthetic degradation datasets with
controlled increases in structural complexity, incorporating Brownian-motion noise, local-
ized perturbations, and multi-regime dynamics. Extensive benchmarks against Bayesian
updating and PCA-based lognormal regression demonstrate that the proposed diffusion
model consistently achieves lower error under complex settings, particularly near failure
thresholds and under complex, heteroscedastic conditions. These results position diffusion
model as a robust and scalable alternative for predictive analytics in realistic prognostic.

Keywords: Remaining Useful Life (RUL); Time-to-Failure (TTF); Degradation signals; Gen-
erative time-series modeling; Diffusion models; prognostics and health management (PHM).

1 Introduction

1.1 Prognostics and Health Management

Degradation is an irreversible process of damage accumulation that ultimately leads to sys-
tem failure. Although degradation itself is often latent and not directly observable, it produces
measurable manifestations through vibration, temperature, acoustic emission, or other sensing
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modalities, forming what are known as degradation signals. When properly modeled, these
signals enable prognostic methods to estimate the time-to-failure (TTF) of engineering sys-
tems [1} 2 13, 16]. Accurate TTF prediction is essential across manufacturing, aerospace, and
energy sectors because it supports proactive maintenance scheduling, prevents unexpected shut-
downs, and improves operational efficiency [4, [/, 8.

1.2 Existing work and limitations

A wide array of prognostic methods has been developed to interpret degradation signals
and use them to predict the TTF, and these methods broadly fall into two categories. Model-
based methods rely on explicit mathematical representations of the degradation process and
often—particularly in Bayesian approaches—update model parameters as new observations ar-
rive. For example, Gebraeel et al. [5] proposed a conditional Bayesian updating framework
that forecasts the remaining trajectory given initial observations and declares failure when the
predicted path crosses a predefined threshold (see Fig.[Ia)); derivations are provided in Appen-
dices[A.Tland[A.2] Representative examples include exponential or Wiener-process degradation
models with sequential posterior updating [6, 7, 8l]. These methods are valued for their inter-
pretability and analytical tractability. In contrast, data-driven methods directly models the rela-
tionship between historical signals and failure time using statistical or machine learning (ML)
algorithms. For example, He et al. [9] developed a two-stage data-driven approach that first
fuses multichannel degradation signals to extract low-dimensional features and then constructs
a prognostic model by regressing the failure time on these features (see Fig. [Ib)); derivations are
provided in Appendices|B| Classical variants commonly employ PCA, FPCA, or robust PCA to
extract low-dimensional health indicators prior to regression modeling [10, [11} 12, 13]]. More
recently, deep learning (DL) models have advanced the data-driven paradigm by automatically
extracting latent features and capturing nonlinear dependencies without relying on externally
imposed dimension reduction [14} 15,16, 17, 18].
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Figure 1: Examples of classical prognostic modeling approaches



Despite these advancements, both model-based and data-driven prognostic frameworks ex-
hibit important limitations when applied to real-world degradation processes. Model-based
approaches, which rely on restrictive parametric forms such as linear or exponential trends,
often break down when actual degradation trajectories exhibit nonlinear drifts, abrupt jumps
(Fig. [2d), discontinuities (Fig. [2b), or multimodal regime-switching behaviors (Fig. [2c) which
are widely observed in lithium-ion batteries [19, 20, 21], wind turbines [22, 23} [24], and aero-
engines [25, 26]. These models implicitly assume that degradation evolves smoothly (e.g.,
with linear or exponential trends) over time and therefore cannot accommodate sudden jumps,
discontinuous signal segments, or transitions between distinct operating regimes, leading to
incorrect extrapolations and unreliable TTF estimates. Classical data-driven approaches suffer
from complementary limitations: they depend on low-rank linear subspace assumptions dur-
ing dimensionality reduction, which distort fine-grained geometric structure in the data and
lead to information loss when the underlying trajectories evolve on a curved, highly nonlinear
manifold rather than a single linear subspace. As illustrated in Fig. [2] such trajectories bend,
branch, and cluster in ways incompatible with any fixed linear subspace, causing PCA variants
to collapse distinct regimes and obscure essential dynamical features, ultimately leading down-
stream ML models to miss turning points and regime changes. Such branching trajectories and
regime-dependent remaining-useful-life (RUL) distributions have been reported in real-world
aero-engine prognostics studies, including datasets such as C-MAPSS [235], highlighting the
limitations of parametric and linear subspace-based approaches. DL methods mitigate some
of these issues by learning nonlinear representations directly from raw signals, but they re-
main fundamentally limited: most are trained in a discriminative manner that outputs point
predictions rather than full predictive distributions, and they do not explicitly model the gener-
ative process governing degradation evolution, preventing them from producing realistic future
trajectories. To make these challenges explicit, we construct synthetic datasets that preserve
domain-informed behaviors such as jumps, discontinuities, and multimodal regimes, thereby
highlighting the need for generative, manifold-aware prognostic frameworks capable of repre-
senting complex degradation structure.

Wind Turbine - Non-monotonic Degradation with Jumps Aero-Engine - Non-monotonic Degradation with Regime Switching Li-ion Battery - Degradation with

(a) Wind turbine (b) Aero-engine (c) Lithium-ion battery

Figure 2: Domain-informed synthetic degradation examples

1.3 Goals and novelty of the current work

The challenges outlined in Section [I.2]highlight the need for more flexible and expressive
prognostic frameworks capable of modeling the nonlinear, multimodal, and regime-switching
behavior commonly observed in real degradation signals. Recent advances in generative artifi-
cial intelligence (Al), specifically diffusion models, offer a principled mechanism for learning
complex data manifolds and generating realistic samples conditioned on auxiliary information.

I'These trajectories emulate behaviors reported in publicly available datasets for wind turbines, aero-engines,
and Lithium-ion batteries showing non-monotonic drifts, jumps, and multi-modality. Since these open source
datasets are limited in size and breadth for training diffusion models, we synthesize data with similar patterns.



Diffusion models [31, 33| [34] learn to reverse a gradual forward noising process defined as
a Markov chain that progressively transforms data into Gaussian noise; a neural network is
then trained to approximate the reverse denoising transitions, enabling probabilistic sampling
by iteratively reconstructing clean signals from noise to recover intrinsic nonlinear structure
in the data. This framework has recently been extended to sequential domains, too. Early
generative approaches for time-series data, using VAEs [27] and GANs [28| 29], often suf-
fer from instability and mode collapse. Diffusion models avoid these issues and have shown
strong performance in temporal tasks such as time-series forecasting [30], imputation [39], and
even degradation modeling [S3, 154]. These methods typically employ direct conditioning, in
which observed segments are injected into the denoising network through concatenation, cross-
attention, or conditional normalization, enabling the model to learn the conditional distribution
of the missing future portion of a sequence.

Following this paradigm, our task is to generate future degradation trajectories conditioned
on partially observed signals and infer the distribution of the TTF for each unit. Once trained
on historical degradation data, the conditional diffusion model generates a large set of plausible
future continuations for any partially observed trajectory. Applying a predefined failure thresh-
old to each generated sample yields an empirical predictive distribution of TTF rather than a
single deterministic estimate (see Fig. [3). Compared with the rigidity of parametric model-
based approaches and the geometric limitations of classical ML / DL methods, the generative
formulation of diffusion models naturally accommodates nonlinear, multimodal, and abrupt

degradation behaviors.
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Figure 3: Generated trajectories by diffusion model with distribution of TTF

Although prior work has explored diffusion-based TTF prediction through conditional score-
based generation [S3], latent diffusion with uncertainty quantification [54], class-conditional
generation [S5]], and Bayesian score-based modeling [56]], existing approaches exhibit several
fundamental limitations. Most notably, they directly apply diffusion models originally devel-
oped for image synthesis or generic time-series generation to degradation-driven TTF forecast-
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ing without considering their underlying modeling assumptions. Consequently, (i) evaluations
are often restricted to benchmark datasets exhibiting relatively smooth and near-monotonic
degradation trajectories, such as linear or exponential trends; (ii) the forward diffusion pro-
cess is typically defined using i.i.d. Gaussian noise and model architectures that do not explic-
itly enforce time-aligned conditioning between observed prefixes and future segments, thereby
limiting the representation of temporal correlation and regime-dependent dynamics; and (iii)
empirical validation against classical reliability baselines is usually conducted on a limited set
of degradation scenarios, without systematically controlling degradation complexity such as
abrupt transitions, multimodal progression, or nonlinear manifold structure.

This study addresses these gaps and makes three key contributions by revising the diffu-
sion framework itself for the specific demands of time-series TTF prediction. First, we con-
duct rigorous and controlled benchmarking of diffusion-based TTF prediction against classical
model-based approach (e.g., Bayesian updating models) and data-driven approach (e.g., PCA-
based lognormal regression) across increasing levels of degradation complexity, providing the
first systematic performance comparison under realistic experimental settings. Second, we in-
troduce a Gaussian process—based forward noising mechanism that explicitly encodes tempo-
ral correlation across degradation trajectories, replacing the i.i.d. noise assumption—a design
choice that, to our knowledge, has not been explored in diffusion-based TTF prediction. Third,
we develop a time-aware conditional reverse denoising architecture that combines a hybrid
multiscale Temporal U-Net and Transformer backbone [45) 49]] with cross-attention, tailored
temporal embeddings based on the log signal-to-noise ratio (log-SNR), and classifier-free guid-
ance [37]. This design enables precise, time-aligned conditioning on partially observed signals
while capturing both global degradation trends and local fluctuations. Together, these innova-
tions position the proposed framework as a principled generative alternative for TTF prediction
in systems exhibiting heterogeneous operating conditions, regime shifts, and sensor-induced ir-
regularities. The remainder of the paper is organized as follows. Section [2]introduces diffusion
fundamentals and their adaptation to time series. Section [3|describes the proposed conditional
diffusion architecture and training procedure. Section 4| presents the datasets, experimental de-
sign, metrics, and empirical evaluations. Section [5|discusses limitations and future directions,
and Section [6] concludes the paper.

2 Preliminaries

This section reviews denoising diffusion probabilistic models (DDPM), their conditional
variants, and extensions to time-series modeling for TTF prediction. We present formal defini-
tions and their mathematical structure, while full derivations are deferred to the appendix.

2.1 Diffusion Model Fundamentals

Diffusion models [31} 33] learn to reverse a gradual forward noising process to approxi-
mate complex data distributions. Given a data sample Xy ~ Pgata, the forward process defines
a Markov chain ¢(x; | x¢—1) = N(y/1 = B;x;_1, BI) fort = 1,...,T with variance sched-
ule {f;} such that x; =~ N(0,I). The reverse process is parameterized as pp(x;—1 | X;) =
N (ug (x¢, 1), afI), where a neural network architecture(e.g., U-Net) learns the distribution of
the noise added at each diffusion step, and the parameters 6 are learned through a variational ob-



jective that reduces to a noise-prediction MSE [35]]. Once trained, one can draw x7 ~ N(0, 1)
and iteratively remove noise to generate realistic data samples x( by applying the learned re-
VErse process.

Forward process. Given Xg ~ Dgata, Where pgai. denotes the unknown real data distribution,
we define a forward (noising) process (see Figure[d) as a first-order Markov chain that gradually
adds Gaussian noise over 7' discrete steps:

Q(Xt‘Xt—l):N<\/1_tht—17ﬁt]:)> tzla"'7T7

where each 8, € (0,1) is a variance schedule hyperparameter. Intuitively, the factor /1 — ;
shrinks the previous sample x;_;, and Gaussian noise with variance f3; is added. Equivalently,
each step can be written in generative form as

X, =1 —Bixio1 + VBie, € ~ N(0,1) i.i.d. across t.

Letay :=1— (3, and oy := Hi:l o = Hi:1(1 — Bs). A useful closed-form marginal then
follows (derivation in Appendix [C.1):

q(x¢ | x0) = N (Varxo, (1 —ay)I), x; =+vVayxo+V1—a €, €e~N(0,T),

which allows sampling x; from X in one shot without iterating intermediate states 33]. By
using this, the full forward process can be factorized as

q(x17 [ X0) = HQ(Xt | X¢-1)
t=1
Typical choices for the schedule {3;} include linear and cosine [34]]; other learned or
continuous-time parameterizations are also used in practice [36] for better quality generations.

Forward diffusion process (fixed)

- PAPSESE S

£ €3
-,___..~-..___,--.,___._~\~.___..-w-..___..--.___..~

Noise

Figure 4: Forward Process

Reverse process and training objective. As T’ grows, z7 becomes approximately distributed
as N (0, I) regardless of the original xy. The reverse process(see Figure [5) aims to iteratively
recover the clean sample x from a fully corrupted latent variable z7 ~ N(0, I). The goal of
the diffusion model is to learn this reverse process by approximating the intractable q(z;_1 | x¢)
using a neural network framework for which we parameterize the reverse process as:

po(@i | ) = N (@1 po(, ), 07T),

where 114 is learned to approximate the true posterior mean fi;(x¢, o). Then, the generative
model factorizes as a Markov chain such that:

T
po(xo.r) = p(xr) H (-1 | x¢)
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Figure 5: Reverse Process

Although our ultimate goal is to maximize the likelihood of the data log py(xy), directly com-
puting this quantity is intractable due to the high-dimensional integral over latent variables in
the reverse process. To circumvent this, we turn to variational inference and instead maximize
a tractable surrogate objective known as the Evidence Lower Bound (ELBO), which provides
a principled lower bound on log py(x¢) 33]). In the process of defining the ELBO, we
encounter the intractable term log g(z;—; | z;) when trying to compute the KL divergence be-
tween the true and parameterized reverse processes. To overcome this, we utilize the tractable
conditional posterior q(z;_1 | x4, zo), which admits a closed-form Gaussian expression (See
Appendix [C.2). Specifically, using the Markov structure of the forward process, the posterior
can be written as: .
q(we1 | 4, 20) = N (2415 fiu (24, 70), i),

where both the mean ji;(z;, xo) and the variance Bt are derived analytically from the forward
noising process. This allows us to define a tractable training objective function by minimizing
the KL divergence between the true posterior and the model (The full derivation is provided
in Appendix [C.3). Moreover, each term in the objective function can be decomposed by in-
dividual pairs along the time step and this makes the implementation easier and quicker (See
Appendix [C.4] for details):

L= Eq(ﬂctlmo) [DKL (q(xtfl | xbxo) Hp(?(xtfl ‘ xt))]

Using variational inference, the training objective function is defined via the ELBO such that:

T-1
—ELBO(x0;0) = Ly + Y _ Ly + Lo, where
t=1
Lo = _Eq(mlxo) [logpg(xo | 331)]
Ly = Eyfwe) [Drr (@(@i—1 | 21, %0) | (21 [ 20))], 1<t <T -1
Ly = Dxy, (¢(x7 | o) || p(xr)), where q(zr | x) =N (\/@T xg, (1 — dT)I)

In practice, the loss terms L, and L are often ignored during training for computational sim-
plicity. The term Lo depends on the decoder py(zo | x1), which can be replaced by simpler
objectives, such as predicting the added noise. The Ly term, which compares g(xr | xo)
to the standard Gaussian prior p(xr), becomes negligible when 7' is large and g(x7 | xo)
closely approximates A/ (0, 7). Therefore, most implementations focus on optimizing L; for
1 <t <T-—1. For Ly, both ¢(x;_1 | x,x0) and pg(x;_1 | ;) are assumed to be multi-
variate Gaussians with diagonal covariance matrices, enabling closed-form KL evaluation (See
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Appendix . Furthermore, Ho et al. [31] proposed reparameterizing iy (¢, t) in terms of pre-
dicted noise €y (¢, t) (See Appendix [C.5) instead of directly regressing towards x¢ or fi; (2, o),
thus simplifying the training objective to a mean squared error between the true noise and the
predicted noise such that:

gy, t) = b (xt —V1 - ee(mt,t))

NG

This formulation, known as the e-prediction objective, underlies most practical DDPM imple-
mentations. The KL divergence between the true and model posteriors reduces to a weighted
mean-squared error on the predicted noise (See Appendix [C.5)):

ﬁiimple = Eq(xt\:vo) |:”69(xt7t) B EtHZ] ’

where €y(x,t) is the model’s prediction of the noise added at step ¢. This formulation, popu-
larized by Ho et al. [31], has become the standard objective for training diffusion models due
to its simplicity and empirical success. Finally, the total training objective aggregates the loss
over all diffusion steps:

T
Etotal = ZEq(act,mo) [HE@(%}, t) - QHﬂ

t=1

This objective enables the model to learn an effective approximation of the true reverse process
q(zy_1 | ), allowing realistic data generation from pure noise via iterative denoising. Below
(Figure|[6) is a concise overview of the full training and sampling algorithms, including all steps
needed to implement a diffusion model.

Algorithm 1 Training Algorithm 2 Sampling
;: repeat (x0) I xp ~ N(0,T)
¢ X0~ q(Xo 2: fort="7T,...,1do
3: &~ Uniform({1,...,T}) 3 z~N(0I)ift > 1lelsez=0
4: e~ N(0,1) ) 1o
5: Take gradient descent step on 4 o= (xt ~ Via, ¢ (Xtat)) +0:z
Vo He—eg(\/dtx(]+\/1—dte._t)”2 5: end for
6: until converged 6: return xo

Figure 6: Algorithm summary

2.2 Conditional Diffusion Models

Conditional diffusion extends the standard diffusion framework to model conditional distri-
butions p(xg | y), where y denotes auxiliary information (e.g., class labels, text prompts, or ob-
served time—series segments). By injecting y into the denoising network, conditioning enables
controlled generation aligned with domain context. In practice, three paradigms are widely
used: (i) classifier guidance, which steers the sampling using V, log ps(y | x;) from a sepa-
rately trained classifier [41]; (ii) direct conditioning, which feeds y into the denoiser through
architectural mechanisms such as concatenation, cross-attention, or FiLM [39, 140, 49, [51]]; and
(i11) classifier-free guidance, which interpolates predictions from jointly trained conditional and
unconditional denoisers [37]].



Classifier Guidance. Introduced by Dhariwal and Nichol [41], classifier guidance is a post-
training conditioning method that enables a pretrained unconditional diffusion model to gener-
ate conditional samples. This is achieved by augmenting the sampling-time score function with
the gradient of a separately trained, noise-aware classifier p,(y | x¢,t). By Bayes’ rule,

logp(x¢ [ y) = logp(xe) + logp(y [ x:) — logp(y)
Differentiating w.r.t. x; (noting V, log p(y) = 0) gives

vxt Ing(Xt | y) = vXt 1ng(Xt) + VXt logp(y | Xt)> (1)

where the marginal score V, log p(x;) corresponds to the unconditional denoiser, and the sec-
ond term injects label information. Since p(y | x;) is unknown, we approximate it with a
separately trained, noise-aware classifier p,(y | x;,t) (parameters ¢), yielding

vxt logp<xt | y) ~ vxt logp(xt) + vxt 10gp¢>(?/ | Xt, t)? (2)

which is the basis of classifier guidance [41]. Practically, a guidance scale s >0 is often applied
to the second term to trade off fidelity and diversity. (See Appendix for details). This guid-
ance steers generation toward the desired condition y by modifying the reverse trajectory; in the
DDPM parameterization, it is equivalent to sampling from a perturbed Gaussian whose mean
is shifted along the classifier gradient, e.g., 2" (x;, ) = po(x¢, ) + 5 02V, log ps(y | x4, 1)
(cf. Eq. (2)). Its main advantage is modularity: a single noise-conditioned classifier trained
across timesteps ‘¢’ can be reused to guide different generators, and it is particularly effective
for class-conditional image generation [41l]. However, it requires a backward pass through the
classifier at every sampling step (increased cost) and can be sensitive to adversarial or mis-
calibrated gradients, as well as distribution mismatch between the classifier and the generator,
which may degrade sample quality or stability. In practice, a guidance scale ‘s’ together with
gradient clipping or other regularization is used to balance fidelity and diversity.

Direct Conditioning. In this approach, the conditioning variable y is injected into the de-
noiser at every timestep, so the network predicts €y(x;, t,y) (or equivalently py(x¢,t,y)). The
architecture is explicitly conditioned on y via concatenation, cross-attention, or conditional
normalization (e.g., FILM; conditional GroupNorm) [47,49,51]] (see Appendix[D.2). Training
uses pairs (Xg,y) in which only x; is noised by the forward process while y remains fixed.
Since no decomposition in Eq. (I) is used, p(z; | y) is treated as a black-box distribution mod-
eled directly via neural networks. This method enables the model to tightly couple the gen-
eration with the condition and has been widely adopted in text-to-image synthesis, semantic
image manipulation, and time-series forecasting. Because the condition is embedded directly
into the model, no guidance signal or interpolation is required at inference time. However, it
lacks sampling-time flexibility, as the conditioning mechanism is hard-coded into the network.

Classifier-Free Guidance (CFG). Proposed by Ho and Salimans [37]], CFG removes the ex-
ternal classifier and builds on direct conditioning. A single noise prediction network €y(x;, t,y)
is trained with condition dropout: with probability py.p, condition y is replaced by a null token
(), so the model learns both conditional and unconditional behaviors. At inference, we compute

GCZGG(Xt7t7y>7 EUZEQ(Xt,t,Q)),
and interpolates them linearly to approximate conditional guidance:

(x4, t,y) = (1 +5) €. — s €y,
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where ‘s’ is a guidance scale hyperparameter that controls the strength of the condition (See
Appendix [D.3|for details). This allows users to dynamically balance condition fidelity and sam-
ple diversity at sampling time without modifying the model architecture. CFG offers several
key benefits: it requires only a single model, avoids classifier-induced instability, and provides
stable, high-quality outputs. One trade-off, however, is that CFG still relies on direct condi-
tioning during training and requires careful tuning of py.p and s for optimal performance.

2.3 Conditional Diffusion for Time-Series

In time series generation, the goal is to predict a future segment from a partially observed
history. i.e., given y,,s € R¥*? produce yi,, € R7*?. Unlike image settings where v is often
a low-dimensional label, here the condition itself is a high-dimensional temporal signal with
structures such as ordering, autocorrelation, seasonality. Consequently, classifier guidance is
rarely used: differentiating through an external sequence classifier at every step is costly and
can destabilize temporal coherence. Instead, time series diffusion models prefer to directly
incorporate the observed past into the denoiser through concatenation, cross-attention, or to-
gether with masks that mark observed positions so the network learns €y(xy, t, Yons) [39, 40].
This direct conditioning preserves temporal structure and supports both forecasting and impu-
tation within a unified objective. In direct conditioning, the observed sequence X,y is treated
as auxiliary input and is not noised by the forward process; only the target segment X, is
diffused (see Figure . Let xy = Xya. The forward marginal is

q(Xt ‘ Xo) = N(\/ Ol X, (]_ — O_ét) I)
The observation X, is encoded by an auxiliary network £ (e.g., RNN or Transformer en-
coder) into an embedding e = E(X,ps), which is injected into the denoiser via concatenation,

conditional normalization (e.g., FILM), or cross-attention [49, 51]]. Then, the denoiser predicts
the conditional noise €4(X;, ¢, €), which defines the reverse mean as:

Ho(X €)= —— | Xy — — (X e
AC 2R \/_t t /—1 o O\ &5 Uy )

and the sampling step as:

Xt—1 = H@(Xtatae> + v Jt2 *Z, 7~ N<O7I>7

where o7 is typically set to the posterior variance f3, (or learned) [34]]. This direct conditioning
preserves temporal dependencies while enabling flexible, expressive generation conditioned on
past observations [39, 40].
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Training. The model is trained on paired samples (Xps, X¢ar) Where only X, is diffused.
Let xg = Xy, and € = E(X,,s). At each step, we sample ¢ ~ U{1,...,T} and € ~ N(0,1),

to form
Xy = /Oy Xg + \/1 —@te,

and feed (x;,t,e) to the denoiser to predict €y(x;, t, e). The objective function minimizes the
mean squared error between the predicted and true noise:

|€9(xt7 t? e) - EHQ]

This training strategy ensures that the model learns to denoise target signals based on the con-
textual information provided by the observed sequence.

Etvmovevxobs |:

Sampling. At inference, we condition on the observed history via e = F(X,ps), draw xp ~
N(0,1), and iteratively apply the learned reverse transitions:

Xt—1 = [,Lg(Xt,t,e) + Ot Zy, Zy ~ N(()?I)a

yielding Xtar = X0 ~ po(Xiar | Xops)- This formulation naturally supports varying observation
ratios, captures nonlinear or multimodal degradation, and admits faster samplers (e.g., DDIM)
when fewer steps are desired [32].

3 Diffusion Model Architecture

Let x(V) = (xgi), . ,a:%)) denote the degradation signal of unit 4 fori = 1,..., N. Given a
predefined failure threshold x;, the time-to-failure (TTF) tgf) is defined as the first threshold-

crossing time such that tgf) = inf{t : :cgi) > x4, }. The full dataset of NV units can be par-
titioned into a training set Dy, and a test set D;, using arbitrary splitting strategies depending
on the application; in this study, we adopt a fixed 8:2 train / test split to ensure consistent
and reproducible evaluation. The training set is used exclusively to learn the conditional gen-
erative model, while the test set is reserved for sampling-based prediction and performance

assessment. For each training unit, we construct paired segments (Xffgs, Xéi)), where the par-

tially observed prefix is X(()QS = (mgi), e ,xg,fgl) and the future target segment to be generated
is x(()i) = ( gfzb IRTRR ,ngzbs +Tm) € RTer. We then train a conditional diffusion model on

Dy, to learn p(xg | Xops) by inverting a forward Gaussian noising process with a learned de-
noiser, following the direct conditioning paradigm. The denoiser adopts a hybrid Temporal U-
Net/Transformer backbone [45] 146, 49, 58], equipped with Fourier/positional embeddings and
diffusion-step embeddings based on the log signal-to-noise ratio (log-SNR), A\, := loglf‘gT ,
which parameterizes the noise level at diffusion step 7 [36} 149, 152]]. Cross-attention modules in-
ject a representation of X5 after each downsampling stage to ensure time-aligned conditional
generation. To enable sampling-time control without retraining, we incorporate classifier-free
guidance (CFG) [37]: during training, we apply condition dropout by replacing X, with ()
with probability pgy.p (tuned via Optuna [57]) so that a single denoiser learns both conditional
and unconditional behaviors, and at inference we guide sampling by linearly combining the
conditional and unconditional noise predictions to balance fidelity and diversity. In deployment
(testing/real-time prediction), for each unseen test unit with a partially observed signal Xy,
we draw M conditional continuations {fc(()m)}%:l ~ p(xo | Xops) using the trained model and
stitch them with X5 to form plausible full trajectories; applying the same threshold rule to
each generated trajectory yields Monte Carlo samples of the corresponding failure times, from
which we obtain an empirical predictive distribution of TTF.
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3.1 Forward Process and Noise Injection

Given a target degradation segment xo € R”*r, we define a forward diffusion process that
injects temporally correlated Gaussian noise. Whereas the original DDPM assumes 1.i.d. noise
at each diffusion step [31], degradation signals often exhibit temporal continuity, making i.i.d.
perturbations suboptimal for sequence modeling. We therefore draw noise from a zero-mean
Gaussian process (GP) on the time grid [42, 43]] with a squared-exponential (SE) kernel

(t: — ;)
Ksg(ti, ;) = exp <_T2] )

where Kgg(+,-) denotes the SE covariance kernel, i.e., a Gaussian process covariance func-
tion that encodes temporal correlation between time indices by assuming that noise values at
temporally closer points are more similar, and /¢ is the length-scale parameter controlling the
degree of smoothness. At each diffusion step 7 € {1,...,T}, we sample €, ~ N(0,Kgg)
(independent across 7 but correlated across time indices) and use a cosine scheduler [34] to
obtain {67}211 with o, = 1 — (3, and &, = H;:1 as. For a fixed time grid, we precompute
a numerically stable Cholesky factorization Kgg + 6I = LL" (with jitter 6 ~ 10~%), sample
white noise z, ~ AN (0, 1), and set €, = Lz,. The forward marginal then becomes

q(x; | x0) = N(Va, xo, (1 - a:)Ksg),

equivalently written in generative form as

Xr = V0, Xo +V1— @ €, €, ~N(0,Kgg).

This induces smooth and temporally coherent perturbations that better match degradation dy-
namics; diffusion models with GP-structured noise have also shown benefits in related settings
by improving temporal consistency, stabilizing the reverse denoising process, and yielding
more realistic sample paths compared to i.i.d. noise assumptions [44]].

3.2 Time and Positional Encoding

To guide the reverse diffusion process for time-series degradation modeling, we explicitly
distinguish two notions of time: the diffusion step index 7 € {0,...,T} and the physical
timestamp ¢t € 7 C R. The diffusion step 7 determines the noise level in the generative process,
whereas ¢ represents the actual sampling times of the degradation signal. Encoding both into the
reverse process is essential: 7 governs the progression of the forward noising process, while
t specifies when the signal is observed along the degradation timeline. We therefore design
complementary embeddings that jointly condition the reverse process, allowing the model to
align noise-level progression with physical time context.

* Diffusion-step embedding (for 7). We encode the diffusion step using a combination
of sinusoidal features and the log signal-to-noise ratio (log-SNR), so that the network
is informed of both the progression along the diffusion trajectory and the current noise
intensity. Specifically, the normalized step 7/7" is mapped to fixed sinusoidal features

Y(r) = [sin(wi 7), cos(wi %), ..., sin(wkF), cos(wx )],
where {wy } 2, are predefined frequencies that span multiple temporal scales of the diffu-
sion process. Low-frequency components encode coarse progression along the diffusion
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trajectory, while high-frequency components resolve fine-grained differences between
nearby diffusion steps, allowing the model to represent diffusion time continuously rather
than as a discrete index. These features are concatenated with the log-SNR

Qr

A = log

1—a,’
which offers a schedule-invariant and physically meaningful measure of noise intensity at
step 7. The combined vector is projected through a small multilayer perceptron (MLP),

er = MLP([’Y(T% AT])?

yielding a compact embedding that supports smooth interpolation across diffusion steps
and stable conditioning across different noise regimes [31, 134} 35, 136].

* Physical-time embedding (for t). To encode the actual sampling times of the degrada-
tion signal, we use Fourier (positional) features that map scalar timestamps to a multi-
frequency representation [49, 52,

Yphys (ti) = [sin(wlti), cos(wity), ..., sin(wgt;), cos(wKti)}.

This encoding allows the network to represent long-term degradation trends and local
temporal variations using linear operations in the embedding space. Each vpnys(t;) is
passed through a simple MLP,

u; = MLP(’thys(ti))a

which learns an adaptive nonlinear projection of the fixed Fourier features. The resulting
vectors are aggregated over the window using a pooling operator (e.g., mean pooling) to
form a fixed-size physical-time embedding

€e; —= POOL‘ u;

This embedding summarizes the temporal location of the target segment along the degra-
dation timeline, independently of the diffusion noise level.

We then concatenate the diffusion-step and physical-time embeddings to form a unified time
representation h,; = [e,; e;], which is injected into the denoising network via feature-wise
linear modulation (FiLM) [51]. At each denoiser stage b, a MLP maps h.; to FILM parameters
(aw, Bp) that modulate intermediate feature maps f;, as

f, =, 0 f + By

This mechanism allows the network to adapt its computations jointly to the current noise level
(controlled by 7) and the physical time context (encoded by t), thereby enabling noise-aware
and time-aware denoising of degradation trajectories.

3.3 Network Architecture

The denoising network follows a modified Temporal U-Net [43] tailored to degradation
dynamics. To better incorporate conditional context and long-range dependencies, we aug-
ment the backbone architecture with Transformer-based sequence modeling [S0, 58] and cross-
attention [46, 47,149, 51]).
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* Inputs per reverse step. At each reverse step 7, the network consumes (i) the noised

target x, € RTr_ (i) the previous-step prediction X{ ™" (self-conditioning) [34]], and

(iii) the observed context X,s € R'*7obs. We concatenate x, and f(éTH) along channels

to obtain [x,; x| € R2*Ter and project it to R+ via a 1D convolutional encoder.
In parallel, X5 is encoded by a 1D convolution followed by a Transformer encoder,

yielding context features Hs € RTepsxC

* Backbone and time conditioning. The backbone is a hierarchical encoder—decoder with
downsampling stages, a bottleneck, and upsampling stages. Each stage uses residual 1D
blocks with GroupNorm [47] and SiLU [46, 48]. The hybrid embedding h- ; is injected
via FiLM [51]] to enable diffusion step and time aware adaptation.

* Cross-attention for conditioning. After each downsampling stage, we fuse the observed
context into the target representation via cross-attention. Let H € R7*¢ denote the latent
features of the target segment (queries) and Hs € R7eps*C denote the latent features of
the observed segment (keys and values). Cross-attention computes weights that quantify
how much each target timestep ¢ should attend to each observed timestep j, producing a
context-aware update that is added back to H through a residual connection followed by
layer normalization [49]. To do so, we first apply linear projections

Q=HW® eR™  K=HgW"eR™  V=HgyW" R
where W, WX, and WV are learnable projection matrices. The attention weights are

then computed as
-

A = softmax ( Q
Vd

where the softmax is applied row-wise so that each row satisfies » ; a;; = 1. The context-
aware update is obtained by

TTO)S
)eRX bs

C = AV € R,

and incorporated into the target features via
H' = LN(H + CW?),

where WO € R%*C i a learnable output projection and LN(-) denotes layer normal-
ization. Intuitively, this operation aligns the latent representation of the target sequence
with informative portions of the observed context, improving conditional generation for
imputation and forecasting while the residual connection maintains training stability.

* Heads and outputs. The decoder terminates with two 1 x 1 convolutional heads. The
first head predicts the diffusion noise €, and is trained using the standard noise mean-
squared error objective of diffusion models [31, |34]. The second head reconstructs the
clean signal X and is used to compute auxiliary temporal-consistency losses (e.g., trend-
alignment and boundary-consistency penalties), which encourage physically plausible
degradation trajectories.

3.4 Training & Optimization

We train the model using a composite objective that balances accurate denoising with tem-
porally coherent reconstruction of degradation trajectories. While the standard diffusion loss
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enforces correct noise prediction, additional signal-level constraints are introduced to encour-
age physically plausible and temporally consistent generations. At reverse step 7, the per-step
objective function is

E‘r = ‘Cnoise + )\xo ‘Cxo + )\trend Etrend + )\bound Ebound7
where each term serves a distinct modeling purpose:

+ Noise matching (primary). With GP covariance Kgz = LL", we predict the whitened
noise €, := L~ 'e, and minimize
2

~

€ — €,

‘Cnoise =

.
This is the primary diffusion objective and is equivalent to a Mahalanobis-weighted MSE
in the original coordinates, ensuring that the denoiser correctly inverts the GP-correlated
forward noising process.

« Signal reconstruction. This term encourages accurate recovery of the clean degradation
signal and stabilizes training by directly supervising the reconstruction of x, with

Ly = ||%0 — Xolf5-

* Trend alignment. Let A denote first-order differencing, (Ax); = x; — x;_1. We define
»Ctrend = ||A>A(O - AXOH% 5

which penalizes discrepancies in local temporal slopes and helps preserve physically
meaningful degradation trends, such as monotonic wear or gradual acceleration.

* Boundary consistency. Let x(()l) be the first element of the target window and fc(()l) its
reconstruction. We impose

2
}A{S) B xél)

Ebound =

I

to enforce continuity between the observed prefix and the generated future segment, pre-
venting spurious jumps at the observation—prediction boundary.

The weighting coefficients A, Aend, and Apouna control the trade-off between denoising accu-
racy and temporal coherence, and are selected using a validation split within D,.

Classifier-Free Guidance (CFG) for Conditional Generation. To enable CFG while re-
taining generative flexibility, we apply condition dropout during training: with probability
Parops the conditioning input is replaced by null condition (). Concretely, in each iteration,
we sample 7 ~ U{1,..., T}, draw €, ~ N(0,Kgg), sample 6 ~ Bernoulli(pa,op), and set
x (9

obs € {Xops, O}. The overall objective becomes

obs?

mgin E:e.s [ﬁT (XT, X®@. ) } )

At inference, CFG is implemented by evaluating the denoiser with and without the condition
and combining the two predictions [37]:
écond = €y (Xra T, E<Xobs))a and éuncond = €y (XT7 T, (b)

~guided > 2 2
€® = €uncond T w(econd - 6uncond)y w > 1,

where w is the guidance scale controlling the trade-off between conditional fidelity and sample
diversity.
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Bayesian Hyperparameter Optimization via Optuna. Model hyperparameters are selected
using Bayesian optimization with Optuna [57], which efficiently explores high-dimensional
search spaces. The search ranges, chosen empirically to cover practically relevant regimes, are

Mrend ~ U[0.1, 5.0], Aoy ~ U[0.1, 2.0],

)\bound ~ U[Ol, 200], Pdrop =~ U[OO, 03],

Bena ~ LogU[1073, 5 x 1072, lsg ~ LogU[1073, 5 x 1077,
1r ~ LogU[1075, 1073, ch € {64, 96,..., 256},

where (.,q controls the terminal noise level of the cosine diffusion schedule, /s is the length
scale of the squared-exponential kernel used in GP-based noise injection, 1r is the learning
rate, and ch denotes the base channel width of the U-Net backbone. For each Optuna trial,
the model is trained from scratch on the training split with early stopping, and performance is
evaluated using the validation estimate of E, . 5[£,]. After selecting the best hyperparameter
configuration, we further sweep the classifier-free guidance scale w € {1.0,1.5,2.0, 3.0,4.0}
on the validation set to control the fidelity—diversity trade-off at inference.

3.5 Real-time Prediction & TTF Estimation

This subsection outlines the practical use of the trained conditional diffusion model for real-
time prediction and failure-time inference on an unseen unit in the test data. Given a test unit
with a partially observed prefix X,,s = (331, . 7$Tobs), our objective is to obtain a predictive
distribution of the time-to-failure (TTF) under a predefined threshold x,.

 Step 1. Conditional sampling of future trajectories. We draw )/ Monte Carlo samples
from the learned conditional distribution,

Xém)NPG(X0|Xobs); mzla"')Mv

and concatenate each sampled future segment with the observed prefix to form plausible
full degradation trajectories X(™ = [ Xps; fc(()m) ]. Classifier-free guidance with a guid-

ance scale w may be applied during sampling to control the fidelity—diversity trade-off.

* Step 2. Threshold-crossing time estimation. For each generated trajectory x(™), we
compute the first threshold-crossing time

f;m) = inf{t: :i’gm) > Ty b

m=1
ples from the predictive TTF distribution. We summarize this distribution using standard
statistics such as the mean, median, and credible intervals, providing both point predic-
tions and uncertainty quantification for performance comparison against benchmarks.

* Step 3. Predictive distribution of TTF. The set {fgcm) M_ constitutes Monte Carlo sam-

Section 4 will present the detailed experimental design, benchmark comparisons, and evalua-
tion metrics (e.g., RMSE and MAPE), as well as implementation-level choices for sampling
and performance assessment.
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4 Experiment

4.1 Dataset

We define parametric models as approaches that assume a fixed, finite-dimensional family
for the RUL/TTF distribution, such as Bayesian updating or lognormal regression with PCA-
based dimension reduction. In contrast, we refer to diffusion-based approaches as nonparamet-
ric models, which learn the data distribution directly without prescribing a specific functional
form. To compare these models under controlled yet progressively challenging conditions, we
simulate synthetic degradation datasets that reflect degradation patterns commonly observed in
real-world engineering systems as described in Section [I.2] Specifically, we consider degra-
dation processes whose mean behavior follows an exponential trend, as widely used to model
wear-out, fatigue accumulation, and aging phenomena in mechanical components, while obser-
vations are perturbed by Brownian-motion noise to capture temporally correlated uncertainty
arising from measurement error, environmental fluctuations, and operational variability. This
construction yields globally increasing degradation trajectories with local stochastic variabil-
ity, providing a physically plausible and reproducible testbed for benchmarking diffusion-based
methods against parametric baselines. We begin with two representative baseline types that re-
veal contrasting behaviors in monotone and non-monotone regimes.

* Type 1 (Monotone): Exponential growth with Brownian-motion noise. The degradation
signal is globally increasing, while fluctuations around the exponential trend arise from
temporally correlated noise, representing local variability without trend reversal.

* Type 2 (Non-monotone): An initial exponential increase, a short linear pullback, and
a subsequent exponential rise, with Brownian perturbations throughout. This structure
introduces explicit trend reversals and regime changes, enabling evaluation of model
robustness to nonstationarity and mode shifts.

Type 1 Signals Type 2 Signals
-~ Threshold = 30

Signal value

40

Time step Time step
Distribution of TTF Distribution of TTF

70 75 95 100 70 75 95 100

0 85 90 90
Time to reach threshold Time to reach threshold

Figure 8: Examples of synthetic degradation signals (Type 1 —2)

To further assess robustness under more realistic and challenging conditions, we introduce two
additional families of synthetic datasets beyond the Type 1-2 baselines:

* Complexity 1-4. From the Type 1, we inject K localized perturbations at randomly se-
lected time points, with K € {1,2, 3,4} corresponding to Complexity 1-4, respectively.
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Each perturbation has an amplitude sampled from 2/[10, 20] and induces a short-lived in-
crease in the local slope of the degradation signal. These perturbations introduce abrupt
but transient changes in the local trend, emulating phenomena like thermal spikes, exter-
nal shocks, or temporary control instabilities commonly observed in operational systems.
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Complexity 2

Complexity 4

Complexity 3
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750 55 60 65 70 75 80 B5 90 95 100
Time to reach threshold

750 55 60 65 70 75 80 85 90 95 100
Time to reach threshold

Figure 9: Examples of synthetic degradation signals (Complexity 1-4)

* Modality 1-4. Trajectories are generated under multiple operating regimes. The number
of extra regimes increases with the level M =1, 2, 3,4 for Modality 1-4. This construc-
tion produces a population-level mixture of degradation behaviors, resulting in multi-
modal TTF distributions and heteroscedastic variability. Such settings enable evaluation
of model performance under regime-dependent dynamics arising from shifts in operating
conditions or gradual sensor drift.

Modality 1 Modality 2 Modality 3 Modality 4
100 100 100 100
Mode 1 (t=60) Mode 1 (t=50)
Mode 2 (t=90) Mode 2 t~
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Figure 10: Examples of synthetic degradation signals (Modality 1-4)

Unlike Type 1-2, these families are intentionally irregular and nonstationary. They provide
a stronger test of whether a method can be generalized beyond simplified assumptions and
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recover the structure of complex degradation processes. In particular, they expose the limits of
parametric baseline models, while favoring diffusion-based non-parametric models that learn
the distribution without a fixed functional form. We use these datasets as diagnostic tools to
study model behavior under realistic uncertainty and operational variability.

4.2 Design of Experiment

We pursue primary benchmark comparisons in terms of prediction performance, corre-
sponding to the two classical methods. Specifically, Benchmark 1 is Modeling-based ap-
proaches that explicitly model the temporal evolution of degradation trajectories and infer TTF
through sequential updating; this category is represented by Bayesian updating and compared
against the proposed diffusion-based model. In addition, Benchmark 2 corresponds to data-
driven approaches that directly map partially observed degradation signals to TTF; this cate-
gory is represented by PCA-lognormal regression and compared against the diffusion model.
To ensure robust performance assessment, we adopt a 5-fold cross-validation strategy, where
each dataset is split into training and validation sets using a 9:1 ratio.

Point 1: Bayesian Update vs. Diffusion. We evaluated the predictive performance of Bayesian
update and diffusion models to estimate TTF. The experiments are conducted using both Type 1
and Type 2 datasets. For each signal, four different initial observation ratios—20%, 40%, 60%,
and 80%—are used as conditions, and the correspondingly remaining portions as targets.

* Bayesian update model: The prior parameters (0, [3) are estimated from the training set,
and the posterior distributions of the parameters are updated using the observed portion of
the test signals. The median of remaining-useful life (RUL) is then computed analytically
from the posterior and TTF is inferred by adding the predicted RUL to the last observed
time point.(See the details in Appendix

* Diffusion model: A conditional diffusion model is pre-trained on the training set using
the specified observation ratio. During evaluation, the model generates the unobserved
target portion of each test signal conditioned on its observed segment. TTF is then esti-
mated based on when the generated signal reaches a predefined failure threshold.

The predicted TTF of both models is compared with the ground truth of the test data to assess
predictive accuracy. This evaluation is repeated with varying training data sizes—100, 1,000,
5,000, and 10,000—to examine the robustness of the model at different levels of data avail-
ability. Given the structured nature of the Type 1 and Type 2 datasets, the diffusion model is
expected to exhibit superior performance over the Bayesian update model across most condi-
tions. As such, the evaluation for this comparison is limited to these two datasets, since they
already offer a sufficiently clear basis for assessing relative model capabilities.

Point 2: PCA+Lognormal vs. Diffusion We also compared the performance of a PCA-
based lognormal regression against the diffusion model for predicting TTF. Following the setup
in Point 1, experiments are conducted on Type 1 and Type 2 datasets using four different obser-
vation ratios to emulate scenarios where only a portion of the degradation process is observed.

* PCA+Lognormal model: Principal component analysis (PCA) is applied to reduce the
dimensionality of the observed segments. A lognormal regression is then trained on the
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truncated principal components to predict TTFE. In inference, the test data are projected
onto the PCA space and the fitted model is used to sample the RUL values from the
distribution of log(RUL) ~ N (i1, 0?%), where p = w'x + b. TTF is then computed by
adding the sampled RUL to the last observed time point.(See the details in Appendix [B)

¢ Diffusion model: The same conditional diffusion framework from Point 1 is used.

To assess the impact of signal complexity and observation ratio on model performance, we
further extend the evaluation to the Complexity and Modality datasets. These datasets contain
more irregular and nonstationary patterns compared to Type 1 and Type 2 where PCA-based
lognormal regression models are expected to perform competitively by effectively capturing
key features via dimensionality reduction due to the relatively smooth and monotonic degra-
dation structures. However, to evaluate model robustness under more challenging conditions,
we apply higher observation ratios—>50, 60, 70, and 80%—of the Complexity and Modality
datasets, where irregular, multimodal, or nonstationary behaviors begin to emerge.

4.3 Evaluation Metrics

Model performance is quantitatively assessed using two primary error metrics: Root Mean
Squared Error (RMSE) and Mean Absolute Percentage Error (MAPE). These metrics are com-
puted based on the predicted and true TTF values across all test samples.

* Root Mean Squared Error (RMSE)

N

1 N 2
N;(y yi)

RMSE quantifies the average size of prediction errors in the same units. Because it
squares the errors before averaging, it gives more weight to large errors, making it espe-
cially effective for evaluating overall accuracy in TTF prediction.

* Mean Absolute Percentage Error (MAPE)

N

100
MAPE = — Y
N =1

Ui — Yi
Yi

MAPE quantifies prediction error as a percentage of the true value, making it a scale-
independent metric suitable for comparing performance across signals with different
ranges or time horizons.

4.4 Results and Analysis

We present experimental findings for both Point 1 and Point 2 in different observation ratios
and further complexities. The analysis focuses on comparing model performance under varying
signal characteristics, and assessing how performance evolves as more of the signal is revealed.
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Point 1: Diffusion vs. Bayesian Updating Figures[I1]and [I2] present the RMSE and MAPE
of the TTF predictions of the diffusion model and the Bayesian update approach (BM model)
in the Type 1 and Type 2 datasets. In Type 1 signals, which follow a relatively well-structured
and monotonic degradation trend, the Bayesian update demonstrates competitive performance
under limited training conditions (sample size < 5000) or when the observation ratio is high
(e.g., 80%). These results reflect the alignment between the parametric assumptions of the
model and the structured nature of the data. As the training set grows, the Bayesian model
shows a marginal improvement. However, gains remain small because the fixed parametric
form cannot adapt beyond its assumptions as the dataset grows. In contrast, the diffusion model
benefits substantially from larger training sets, consistently outperforming the baseline.
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Figure 11: Result of Point 1 with Type 1 data
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In Type 2 signals, which exhibit more irregular and nonlinear patterns, the diffusion model
demonstrates clear and robust superiority across all observation ratios including 8:2. Provided
a moderate training size (> 1000), the diffusion model consistently yields lower RMSE and
MAPE than the Bayesian update. This performance gap widens as the training set becomes
larger, highlighting the ability of diffusion to learn complex degradation dynamics that deviate
from conventional patterns.
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Figure 12: Result of Point 1 with Type 2 data

Except at very small training sizes (N < 100), the diffusion model outperforms i.i.d. baseline at
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nearly all observation ratios for both Type 1 and Type 2; we therefore omit further comparisons.
For the BM model with N < 5000, the relative performance varies with the observation ratio.
In Type 1, BM consistently attains lower RMSE and MAPE across all ratios; the gap is largest
at low ratios (2:8) and shrinks as the observed portion and the sample size increase. In Type 2,
BM still outperforms diffusion by a large margin at very small training sizes (/N < 100). From
N > 1000, diffusion begins to surpass BM at low—mid ratios (2:8, 4:6), whereas BM retains
a slight advantage at higher ratios (6:4, 8:2). At N = 5000, diffusion is superior overall in
Type 2, although BM still wins in some high-ratio settings; in Type 1, BM remains ahead
at 8:2. For N > 10000, diffusion outperforms BM in nearly all ratios for both types even
though, in Type 1, the margins are small and sometimes reverse at 8:2 where the trajectories
are close to linear. In Type 2, the advantage of diffusion is pronounced and persistent. Table
summarizes the large sample regime. In Type 2, the relative improvement which is defined as
A = BMEDI 5 100 % averages about 63% for both RMSE and MAPE, that is, the diffusion
model attains roughly 63% lower error than BM across observation ratios and folds. In Type 1,
improvements are relatively modest with variability that exceeds the mean, consistent with
practical parity and occasional BM advantages at high observation ratios.

Table 1: Aggregate improvements of Diffusion over BM when N>10,000 (Mean + Std)

Setting ARMSE (%) AMAPE (%)

Type | 10.04 £56.89 3.97 = 68.77
Type2 63.354+27.08 63.12 %+ 27.40

Point 2: Diffusion vs. PCA+Lognormal Regression PCA-+lognormal regression performs
well in Type 1 and Type 2 for observation ratios between 2:8 and 6:4. In this range, threshold
crossings are drift-dominated with approximately homoscedastic variability, so the RUL distri-
bution remains well behaved and a PCA feature set with a lognormal fit is adequate. At 8:2,
the ranking reverses: diffusion attains lower RMSE and MAPE in both types because near-
threshold crossings are noise-dominated and heteroscedastic, yielding skewed and unstable
RUL distributions that a linear PCA feature set cannot well represent. (Figure [13])
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Figure 13: Result of Point 2 with Type 1 and 2
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To evaluate robustness under challenging conditions, we test both methods on datasets with
rising structural complexity (Complexity 1-4) and multiple operating regimes (Modality 1-4).
These prolonged experiments aim to evaluate how each model generalizes to more complex
degradation patterns that move beyond smooth single-regime exponential trends and include
nonlinear segments, localized trend perturbations, regime switching, and heteroscedastic noise.

 Complexity 1-4 Results: For observation ratios between 2:8 and 4:6 (Figure[I4)), thresh-
old crossings are largely drift-dominated with approximately homoscedastic variability.
In this regime, the RUL distribution is still well behaved, and PCA features with a log-
normal TTF fit remain competitive across complexity levels. From 6:4, the situation
changes: crossings become noise-dominated and heteroscedastic near the threshold, pro-
ducing skewed and unstable RUL distributions. Diffusion achieves lower RMSE and
MAPE in all complexity levels under this condition, as it learns the conditional dynamics
near the threshold that are not captured by linear projections with a parametric lognormal
fit. Follow-up experiments (Figure[I5] 5:5-8:2) confirm that the performance gap widens
as the observed portion increases where structural complexity rises.
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Figure 14: Result of Point 2 with Complexity 1-4 data (2:8 to 8:2)
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* Modality 1-4 Results: For observation ratios between 2:8 and 8:2 in Modality dataset
(Figure[16)), threshold crossings are largely drift-dominated with homoscedastic variabil-
ity. In this regime, the RUL distribution remains well behaved, so a linear PCA feature
set with a lognormal TTF fit remains competitive across modality levels. In Modality
1, the multi-modality even ends near the 6:4 ratio and this helps the PCA+lognoraml
model retains superiority at 6:4. As modality increases (Modality 2—4), regime switch-
ing and sensor drift raise structural variance and introduce between-regime mixtures.
Even at these mid ratios, PCA+lognormal begins to degrade because linear projections
blur regime boundaries and a single lognormal component mis-specifies first-passage
distributions that are mixtures or skewed. At 8:2 the mechanism changes: crossings be-
come near-threshold regime, yielding skewed and unstable RUL distributions. Under
this condition, diffusion attains lower RMSE and MAPE across Modality 1-4 because it
learns the conditional dynamics near the threshold and accommodates regime-dependent
variability that the lognormal pipeline cannot represent. Follow-up experiments at in-
termediate ratios (Figure [I7} 5:5-8:2) confirm that the performance gap widens as the
observed portion increases and modality-induced nonstationarity intensifies.
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Figure 16: Result of Point2 with Modality 1-4 data. 2:8 to 8:2
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In both Type 1 and Type 2, observation ratios from 2:8 to 6:4 are largely drift dominated with
near-homoscedastic variability, so the PCA—lognormal baseline remains competitive. Near 8:2,
the crossings become noise dominated and heteroscedastic, and diffusion attains lower RMSE
and MAPE by modeling the near-threshold dynamics that linear projections with a parametric
lognormal fit cannot capture. The same pattern appears in the Complexity and Modality suites
(Fig. [T6); a zoom in over 5:5-8:2 confirms that the advantage increases from 6:4 to 8:2 as
nonlinear segments, localized perturbations, regime switching, and variance changes intensify
(Fig. [17). Quantitatively, Table 2] shows that at 8:2 diffusion achieves about 90% lower error
than PCA—lognormal in Type 1 and roughly 32% in Type 2. Across Complexity 1-4, the average
improvement over 6:4-8:2 is 74.47 + 6.17% (RMSE) and 75.94 4+ 6.50% (MAPE), rising to
78.62 £ 5.09% and 79.14 £ 5.75% in the 5:5-8:2 zoom in (Table . Across Modality 1-4,
the corresponding gains are 57.21 + 19.17% and 56.53 + 20.51% for 6:4-8:2, and rising to
59.50 + 15.71% and 59.81 =+ 17.54% for the 5:5-8:2 zoom in (Table ).

Table 2: Improvements of Diffusion over PCA+Lognormal in Type 1-2 (Mean £ Std)

Setting ARMSE (%) AMAPE (%)

Typel 90.55£2.10 90.05+£2.13
Type2 33.14 £18.51 31.74 £19.42

Table 3: Improvements of Diffusion over PCA+Lognormal on Complexity 1-4 (Mean + Std)

Setting ARMSE (%) AMAPE (%)

Average at 6:4 and 8:2 74.47£6.17 75.94 £6.50
Zoom-in (5:5-8:2) 78.624+5.09 79.14£5.75

Table 4: Improvements of Diffusion over PCA+Lognormal on Modality 1-4 (Mean =+ Std)

Setting ARMSE (%) AMAPE (%)

Average at 6:4 and 8:2 57.21 £19.17 56.53 + 20.51
Zoom-in (5:5-8:2) 59.50 £ 15.71 59.81 £17.54

Summary. Across datasets, the diffusion model is the most reliable choice once the training set
is moderate to large and the observed segment extends from 6:4 toward 8:2. Gains are largest
near 8:2 and in structurally complex settings, as quantified in Tables[I], 2} 3] and[d All methods
improve as more of the trajectory is observed, but diffusion improves more rapidly because
it captures nonlinear segments, localized perturbations, regime switching, and heteroscedastic
noise. Parametric Bayesian updating and PCA+lognormal remain competitive mainly when
trajectories are smooth, single-regime, and low in variance, or when training data are scarce
with high observation ratios. These results underscore that predictive accuracy is governed by
signal structure and support diffusion-based TTF prediction for assets operating under com-
plex or near-threshold conditions, while retaining classical baselines as lightweight options for
simple monotone regimes.
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5 Limitations and Further Research

While our results indicate that conditional diffusion is a strong approach for TTF prediction,
several limitations remain and need to point out concrete next steps. First, our evaluation relies
on simulated datasets that emulate a range of trends, complexities, and regime changes. Al-
though these simulations let us precisely control trend shape, stochastic variability, and regime
changes, they cannot yet fully reproduce real sensor noise, covariate shift, or operational in-
terventions observed in practice. To enhance external validity, we plan to include real-world
benchmarks such as NASA C-MAPSS [26]], enabling a more complete assessment of gen-
eralizability under realistic operating conditions. Second, diffusion-based inference is more
computationally demanding than baselines because it requires iterative reverse sampling [31]].
To meet real-time constraints, few-step samplers (e.g., DDIM), progressive distillation, and op-
timized noise schedules reduce the number of reverse steps required at inference [32, 36, 138]].
Third, the current framework assumes a single-sensor degradation stream, whereas many as-
sets provide multivariate measurements across sensors or subsystems. Extending the model to
multi-sensor fusion with spatiotemporal and cross-modal dependencies is therefore an impor-
tant direction for scalability. Lastly, deployment often requires online/streaming inference as
new observations arrive. Adapting diffusion models to such settings (e.g., lightweight online
fine-tuning) remains open. Methods for federated learning for privacy-preserving deployment
[59,160]], and meta-learning or few-shot adaptation [61}62] provide complementary tooling and
baselines for this line of work.

6 Conclusion

We propose a conditional diffusion framework for TTF prediction and benchmark it against
Bayesian updating and PCA+lognormal regression across varying synthetic families (Type 1-
2, Complexity 1-4, Modality 1-4) and observation ratios from 2:8 to 8:2. Performance im-
proves as training data and observed length increase. With larger training data, diffusion re-
liably surpasses Bayesian update model; at N > 10,000, it yields approximately 63% lower
error in Type 2, while Type 1 is near parity with small, variable margins 4 ~ 10%(Table [1).
For drift-dominated and near-homoscedastic ratios of 2:8 ~ 6:4, PCA+lognormal is competi-
tive; near 8:2 where crossings are near-threshold regime, diffusion wins decisively (=90% in
Type 1; ~32% in Type 2; Table[2). The advantage intensifies under structural complexity and
regime mixtures: across Complexity 1-4, gains are 74—76% at 6:4-8:2 and 78-79% at 5:5-8:2
(Table E]); across Modality 1-4, gains are 56-59% (Table Ef[) Overall, diffusion is preferred
when observation windows are long or when dynamics exhibit nonlinear segments, localized
perturbations, regime switching, or heteroscedastic noise; classical baselines remain viable in
smooth, single-regime, low-variance settings or with small data and early ratios. As a non-
parametric data-driven model, diffusion scales well with large data size and complex structure.
Future work will validate on real-world datasets (e.g., CMAPSS), accelerate sampling, and
extend to multi-sensor and online settings.
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A Bayesian Updating

In this appendix, we provide the full mathematical derivation of Bayesian updating and
closed-form RUL distribution under both Exponential-IID and Exponential-Brownian Motion
(BM) degradation models, following the framework of [3]].

A.1 Exponential-IID Model
Prior and Likelihood

The degradation signal is modeled as:

S(t) = ¢+ Oexp (575 +€(t) — %) . e(t) ~ N(0,0%)
Log-transformed signal:

Likelihood of observations {L(t1), ..., L(tx)}:

. 1 (L(t;) — 0" — Bt)?
f(Ll,,,,,LkIQ,ﬁ)—gWeXp(_ 202 )

(2

Posterior Update

Assuming Gaussian priors:
QINN(M%O—g)v BNN(F%?O-;)

The posterior becomes:

O3 | Liveeos Lo ([274] 500 e
pos

> p0st 18 analytically derived via conjugate prior updates.

RUL Distribution

Failure condition:
Lty +T) =1In(D — ¢)

Thus:

T~ & (M0’|post + ﬂﬁ\post(tk + T) - hl(D - ¢)>
O'L(tk + T)

where:

oty +7T) = \/Jg, + (tr + T)205 + 2p(ty + T)opogs
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A.2 Exponential-Brownian Motion (BM) Model
Prior and Likelihood

The degradation signal is modeled as:

S(t)=¢+0Oexp (Bt +oW(t) — %Qt)

Log-transformed signal:

2
t.
L(t) = In(S(t) — @) = 0/ + Bt + oW (t;) — T~
Define:
O'Qti 2
€(t;) = oW (t;) — 5 e(t;) ~ N(0,0°t;)
Thus:
L(t;) = 0"+ 5t; + €(t;)
Posterior Update

The priors remain Gaussian. The posterior is updated considering time-varying noise
variance o%t;:

@.8)| Li,.... Ly ~ N ({“9’“’0“} ,Epost(t))

Halpost

RUL Distribution

Failure condition:
L(ty +T) =In(D — ¢)

RUL CDF:

T & o7 |post + Mﬁ\post(tk + T) - hl(D - Qb)
or(ts +T)

with:
U%(tk +7T)= O'g, + (tr + T)2CT§ +2p(ty + T)ogop + UQ(tk +7)

Both IID and BM models follow similar Bayesian updating procedures, with the key
difference being the noise structure:

* [ID: constant noise o2

* BM: time-varying noise o%t;

32



B PCA + Lognormal Regression

In this appendix, we provide a detailed derivation of the PCA + lognormal regression
method for the prediction of RUL, following the framework of [9].

Step 1: PCA in training data

* Apply PCA on X,:
XPCA — q)TXobs

obs

 Select number of components explaining 95% of total variance.

* The truncation here refers to retaining only the d-dimensional PCA space:

XPCA c Rd

obs

Step 2: Lognormal regression

* Log-normal regression fit:

In(RUL) = w' X5 +b+n, n~N(0,07)

obs

Step 3: Prediction on Test Data

* Project X to PCA space:
XPCA — ®TXtest

test

¢ Predict:
In(RUL) ~ N (w" XESA + b, 0%)

test

¢ Back-transform:
RUL ~ LogNormal(y, 0?)

Step 4: Sampling and RUL Distribution

e Draw M samples of RUL from the predictive distribution.

e Compute: X
T = mean/median(RUL samples)
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C Diffusion Model

C.1 Reparameterized marginal form expression derivation: ¢(x; | x()

We now derive the exact marginal distribution of z; given the initial zy. Define again
o =1—f;and o = HZ=1 as. We claim that

q(xs | m0) = N (x5 V@ zo, (1 —ay) 1)

In other words, one can sample x; directly from x in one step as
th:\/O_étI'0+\/l—O_ét€, ENN(O,])
Below is a short proof by induction.

Proof by induction

* Base case (t = 1). By definition,

q(v1 | 20) = N(z1; /1 = Brwg, Bil) = N(Jh; Vaizo, (1 - 041)1—)
and indeed ov; = ;.

* Inductive step. Suppose at time ¢ — 1 we have

q(x1-1 | 20) = N (2413 V@1 w0, (1 — 1) 1)
Then
q(zy | o) = /q(xt | 2i1) q(@—1 | o) dyy
= /N(It; Vauri1, B) N(zi—1; V@1 w9, (1 — @—1)l) doy—y

Combining two Gaussians in the integral yields a Gaussian with mean and variance:

E[z:] = Vai E[z, 1] = Vo (Va1 7o) = Va1 z0 = Va2
Var(z;) = oy Var(ze—1) + Bl = ay (1 — @-1)1) + Bl = (au(1 — qr) + Bi) 1

Since oy a1 = @, one checks
a(l— ) +h=w—ayu 1 +0=1—-0

Therefore, g(z; | zo) = N (/@ 2o, (1 — a)I)

This closed-form expression is extremely useful because it allows us to sample x; in one shot
given x, without iterating all the intermediate steps.
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C.2 Deriving the Posterior ¢(x;_1 | x4, ) closed form

It is intractable to obtain a closed form solution for the reverse process q(x;_1 | x;), be-
cause it requires integrating the entire distribution of x( conditioned on x;, which is generally
intractable due to the complex and unknown nature of the data distribution pgat. (o). However,
the good news is that g(x;_1 | x¢, ) is tractable, which we can use to mathematically define
the objective(loss) function to train the diffusion model.

Mathematical derivation. Using the Markov property of the reverse step, we can replace
this intractable marginal posterior with a tractable conditional Gaussian that depends on the
original sample xy. Specifically:

* q(x4_1 | ;) (intractable): Using the conditional marginalization formula,

Q(xt—l | xt) = /Q($t—17$0 | xt) dzy = /Q(xt—l | $t,$o) Q(xo | xt) do,

where ¢(zg | 7;) = W

evaluate this integral directly.

is intractable due to unknown pga¢a, SO We cannot

* q(xy_1 | x4, x0) (tractable): By Bayes’ rule on the forward process (using the Markov
property and reparameterization trick),

q(wy | 2-1) q(@-1 | @0)
q(z | o)
q(z | fEt—l) = N(%; \/O-/_txt—laﬂt])
q(i-1 | 20) = N(wp_15 /@1 w0, (1 — ay1)1)
q(xe | wo) = N (2 V@ o, (1 — )1

Completing the square yields the known Gaussian form such that:

‘ q(z4—1 | 24, 0) ZN(iUt—l;ﬂt(xt,iUo),Bt]) ‘

q(@—1 | @4, 20) = , Where

with
> I —ay
B =——0
1—0115
A O Nog(l — dy
fu (e, o) = v 1_5t To + ol - d 1)%
1—Oét 1—Oét

In practice, we often rewrite fi;(x;, zo) in terms of the actual noise ¢; that was used to
sample x; from x,. Recall from closed-form forward sampling:

v =vVaro+vV1—ae, e~N(0,I)
Solving for ¢;:
_ \/@_tfo
V1—ay

€t

One can then verify that

5 1 1— oy

/lt(xt’%o) = \/a—t(% - ﬁﬂ)
This alternate form will be crucial when we parameterize the mean of our model to
predict ¢; directly in the reverse process.
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Key insight (approximation). Building on the closed-form conditional posterior ¢(z; ;1 |
x4, To), We approximate the intractable marginal g(x;_1 | ;) by a Gaussian distribution whose
parameters are learned by a neural network. Concretely, we define

po(Ti-1 | 0) = N(xt,l;ug(xt,t), Ug@hﬂ I)
train sy and oy by minimizing the KL divergence;
KL(q(z-1 | m¢, 20) || po(we—1 | 24))
so that

p@(xt—l | ft) ~ Q(ft—l | xt)

by matching them(yg and oy) to the tractable fi;(x;, xo) and 3, derived above. In practice, this
means that the network learns to undo each forward noising step iteratively, denoising x; one
timestep at a time.

C.3 How to Define an Objective(Loss) Function

To derive a tractable objective function for training the diffusion model, we apply varia-
tional inference techniques based on Jensen’s inequality. Begin with the forward joint distribu-

tion:
T

q(x1.r | 20) = HQ(II% | 1),
t=1
and the reverse generative model:
T
po(Tor) = H (w1 | 24)

Then, the marginal likelihood becomes:

_ T " po(To:1) .
po(xo) = /Q( v | 0)—Q($1:T ‘ o) dxy.r

By taking log on both sides,

log py(z0) = log U q(z1r | T0) - % dxl:T:|

= log |:]Eq(11;T|$0) (%) ]

> Ey(z1.7/z0) [IOg <%)] (by Jensen’s Inequality)

= EQ(ILTlxo) [lng9<I0;T) — log Q(xlzT | .%‘0)]

logp9(x0> > Eq(m1:T|mo) [logPH(mO:T) - lOg Q(*TLT ‘ 1'0)] (3)

L(6; ) (ELBO)
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In another sense,

log po(x0) > Eq(arrieo) |10g

Po(Tor) }

q(z1.r | 20)

[ pe(Io) 'pe(SCl:T | 130)
=E 2z |1
q(z1.7|z0) -Og< Q(xlzT | mo)

Q(xlzT | .75())
= Eyapriae) |1 —log{
(@17 20) _ og pe(zo) — log (pg(an | Io))}

q(x1.7 | o)
=E 1 —E 1 -
Q(Il:T|Io)[ ng@(x(J)] q(x1.7|T0) |:Og (p@(II:T | xo))]

= log py(xo) — /log <M) ~q(x1.7 | ®o) dz1.r  (by KL-divergence)
pe(IlzT | $0)

= log pa(0) — Dxr. (q(z1.7 | 20) || Po(21.7 | 20))

logpo(o) = logpo(wo) — Dce(g(@rr | 30) || polwrr | 20) )
True Forrward Modele:i,forward
process process

By combining [3] [4] and the definition of KL divergence, we have the exact identity s.t:

10%?9(900) = ]Eq(:pliT\xo)[logp0<x0:T> —log Q(xl:T ’ l’o)} + Dki, (Q(iUl:T ’ 950) Hpo(iUlsT ’ xo))

L(0;x0) >0

Taking the negative on both sides and using Dgy, > 0 gives

— logpy(wo) < —L(6;x0) + Dxr(q(zrr | o) || palzrr | 20))

so that, in practice, we optimize the tractable surrogate negative ELBO [— £(0; )] as a proxy
to minimize the true negative log-likelihood of py(x(). In diffusion model, the ELBO further
decomposes into a sum of timestep-wise KL terms:

—5(9;550) = PKL(C](xT | 96’0) Hpg(:c ))J + Z]Eq(mzo) [DKL(Q(&}A \ »Ttal’o) H Pe(-fl?tfl \ th))]

~ t=2
prior matching

By minimizing each timestep’s KL divergence individually, we teach the model’s denoising
kernel py(x;_1 | x;) to match the true conditional ¢(x; 1 | x;,x¢) at every step. Although
this procedure does not guarantee a perfect match across the entire sequence at once, reducing
the error step by step results in an overall close alignment of the full reverse process. Because
time-step decomposition makes the KL of each reverse step tractable, minimizing —L£(6; xo)
serves as an effective and computationally feasible proxy to reduce the true negative logarithmic
likelihood of pg(zo).
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C.4 ELBO Decomposition and KL-Based Training Objective

In the previous subsection, we introduced the Evidence Lower Bound (ELBO) as a principal
surrogate objective to circumvent the intractability of directly maximizing the marginal log-
likelihood log pg(zo). By Jensen’s inequality, we have:

lngg(l’O) 2 Eq(ml;ﬂxo) [logpQ(IO:T) - IOg Q(II:T ’ SC())] )

which justifies using the ELBO as a lower bound on log py (o) for model training. To turn
this abstract formulation into a practical training objective, we now expand and decompose
each term of the ELBO based on the known structure of the forward and reverse processes in
diffusion models. The forward process ¢ is a fixed Markov chain that progressively adds noise,
while the reverse process py is parameterized by a neural network trained to remove noise.
Recall the generative and inference processes:

po(wor) = p(ar Hpa Tt | @), q(avr | @) = Hq Ty | T4-1)

where ¢ is the fixed forward process and py is the learnable reverse denoising process. Substi-
tuting these into the ELBO gives:

ELBO(IOa 9) = Eq(xlzT\xo) [log Do (xO:T) - 1Og Q(%:T | I0>i|

T

T
= Eq(a1.r1z0) llogp xr) + Zlogpe T | @) Zlog q(ze | z1)
t=1

T
= EE (z1:rlTo) [log p(zr)] + ZEEQ (z1:7|z0) log po(zi-1 | x1)]
prior term reverse transitions

MH

]Eq {El T‘QDO log Q(mt | xt 1)]
A

t:]. Vv

forward transitions

The prior term Ey(,, (2, [log p(27)] in the ELBO does not depend on the model parameters 6.
As a result, when we take the gradient of the ELBO with respect to # during optimization, this
term contributes nothing—the gradient is zero. Therefore, it can be safely omitted from the
loss function used in training. In practice, only the terms involving 6, such as the reverse and
forward transition terms, are retained and optimized. To simplify, consider the term

Eqerrla0) [108 q(21 | w1-1) — log pp(xi—1 | 21)]
Using the law of total expectation with the Markov property, we can rewrite ELBO term as:
IE"(1('Jvz|96()) [EQ(J»‘t—ﬂxt,xo) log q(x; | 24—1) — log pg(z—1 | xt)ﬂ

Equivalently, in integral form:

= /Q(It ’ xo) [/Q(%A | xtax(]) (log Q(iUt | It—1) - 10g]90($t—1 | xt)) dxt—l} dz,
T | 2o, @
= /q(xt | zo) [/q(xt_l | 24, x0) log q(Te1 | 2 O)dxt_l} dx,

pe(xt_1 | ft)
= Eq(erleo) [PrL(@(@i—1 | 24, 20) || o211 | 4))]
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We now elaborate on the transition from the expression:

[ a1 0 [ [ s o) Qogaten | 20-1) = og putens | ) d} e,

to the KL divergence form:

Tio1 | Tt, T
/Q(xt | 7o) [/ q(x¢-1 | @1, 20) log e | o 0)d$t1:| dy

pe(xt—l | l“t)

The key step involves replacing the term log ¢(x; | z;—1) with an expression involving ¢(x;_; |
xt,20). To see why this is possible, consider the identity of the joint distribution under the
forward process:

q(zs | we1)q(zi1 | 20) = q(z, 201 | T0) = @021 | 4, 0)q(T1 | 0)
Taking the logarithm on both sides yields:

(ﬂft—l | ﬂftalUO)Q(ﬂ?t | ZUO)
q(zi-1 | 7o)

q
log q(z¢ | x4-1) = log
This can be rearranged as:
log (x| m4—1) = log q(wi—1 | 4, 70) + log gz | x0) — log q(xi—1 | wo)

Now consider plugging this into the earlier expectation:

/Q(xt | 20) [/Q(xt—l | xt,$0)<10g q(wi—1 | @4, 20) 4+ log gy | 20)

— log Q(xt—l | $0) - 10gp0($t—1 | xt)>dxt—1] dxy

Observe that both log ¢(z; | x¢) and logq(xz;—1 | xo) are independent of z; ; and can be
pulled out of the inner integral. Furthermore, since they do not depend on @, they vanish when
computing gradients with respect to #, and thus can be safely ignored in optimization. This
simplifies the expression to:

Tiq | Ty, X
/q(art | 20) U q(1-1 | 74, 70) log Az | 20 0)d$t—1:| dx,

p&(xtfl ’ l’t)

Finally, we identify this expression as the expected KL divergence:

Eq(mxo) [DKL (Q(l’t—l | Itaxo) ||P0($t—1 | xt))]

The KL divergence formulation derived earlier becomes a building block for constructing the
training loss. Specifically, we define a per-timestep loss function L, for each time step ¢ =
1,...,T—1 as follows:

Lt := Eq(ay]20) [Dxi(q(@i-1 | 24, 20) || o1 | 21))]

This term measures how well the learned reverse transition distribution py(z;_; | ;) approxi-
mates the true posterior ¢(x;_1 | x4, %) for each denoising step in the diffusion process. The
expectation over g(x; | xo) ensures that this comparison is averaged over possible noisy inputs.
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At the final diffusion step ¢ = T, the forward marginal distribution ¢(x7 | x¢) and the prior
p(zr) are both Gaussian, and their KL divergence can be computed in closed form:

q(xr | 20) = N(Varwo, (1 —ar)l), Lr:= Dkwu(q(zr | o) || p(zr))

This term quantifies how far the final noised sample z deviates from the assumed prior, and
since both distributions are Gaussian, Ly is often easy to precompute or implement analytically.
At the starting point of the reverse process t = 0, our aim is to reconstruct the clean data z
from the first denoised latent ;. This is expressed as a negative log-likelihood:

Ly = _]Eq(:mla:o) [logpg(xo | fl)]

Unlike the other L; terms, L is not a KL divergence—it directly measures how well the model
can generate x( given x;. In practice, this is often approximated by a simple Mean Squared
Error (MSE) loss between 1z and its predicted reconstruction. Therefore, the original ELBO
can be decomposed like the following box, and this decomposition enables modular training,
allowing approximations (e.g., skip L), surrogate losses, and per-timestep control over reverse
process learning.

Negative ELBO as Training Objective:

T—1
—ELBO(z0;0) = Ly + ¥ _ Ly + Lo

t=1

C.5 Closed-Form of KL Terms

We now derive an explicit expression for each intermediate KL divergence term that appears
in the objective(loss) function to train a diffusion model:

L= Eq(xt|zo) [DKL (C](xt—l ’ xthO) H pe(ﬂft—l ‘ l"t))] , 1<t<T -1

Both the true posterior q(z;_1 | x¢, zo) and the model py(x;_1 | x;) are assumed to be multi-
variate Gaussians with diagonal (often isotropic) covariance matrices. Therefore, we can use
the closed form formula for the KL divergence between two Gaussians.

Gaussian-to-Gaussian KL Formula

The KL divergence between two multivariate Gaussian distributions in R¥, each with
diagonal covariance, is given by:

1 O'2 — 2 0'2
Dyt (N (11, 021) || N (12, 021)) = = (—; el g _)
1

2 \ o3 03
This expression compares two Gaussian distributions:
o N(uy,021): the true posterior q(z;_ 1 | z, z¢)

e N(po,021): the learned reverse model py(z;_; | ;)
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This closed-form is particularly useful in diffusion models, where the mean and variance of
both q(x;—1 | x4, x0) and pg(z,_1 | x4) are explicitly available. This allows us to compute the
KL divergence for each timestep, without sampling or numerical approximation. Moreover,
since all involved distributions are Gaussian, the entire loss can be evaluated analytically. Using
the known forms:

q(zi_1 | 2y, 20) = N(2i_1; @y, x0), Bel),  polze—r | z¢) = N(@i—1; po(ze, 1), Xo(z¢, 1))

The KL divergence is then:

1 > - _ . det X
Dic(alpo) = 5 |tr(Eg " Bd) + (o = fie) " 3 (1o — i) = k + In G ),f
t
In practice, we often set Xy (zy,t) = B,I. Then:
== det (5, 1)
(BB =k, S g
(Be)k

The KL divergence simplifies to:

1
DKL = _~||H9(:Et7t) - ﬂt($t7I0)|l2
26

Thus,

1 _
Lt ~ ]EQ(SCHJ?O) ﬁ”p“@(xt?t) - Mt(xt7x0)||2 +C
t

We can also rewrite fi; in Terms of Noise by using the reparameterization trick:
%t:\/O_étZEO—i-\/l—@tEt, QNN(O,I)
Ty — A/ 0q

A
. 1
Mt(l’taﬁo) = (5Ut —V1—a Et)

NG

We now parameterize:

Thus,
1= - — )
— [y = ————— (€9 — €
Mo — Mt \/Oé_t 0 t
5 l—«
1o — full” = “leo — €l
Hence,

1 -
—|pg — Mt”2 X ||€9 - Et||2

2
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Putting all the derivations together, we arrive at a much simpler training objective by assuming
that the model variance Yy(x;, t) is fixed and equal to the posterior variance f3,1. In this setting,
the KL divergence at each timestep reduces to a weighted squared error between the predicted
mean fiy(x, t) and the posterior mean fi;(x, zo):

|?| + const

1 .
Ly & Eq(y)20) ﬁllue(ﬂfn t) — (s, z0)
t

By expressing both means in terms of the underlying noise using the reparameterization trick:
xt:\/@tl'o—i-\/l—dt'q, EtNN(O,I)

we showed that:

po(ze,t) — (e, xo) = —

o]

and thus,
1-— g

~ 112 2

o — ful” = leo(1,t) — €]

Substituting this into the loss expression reveals that minimizing the KL divergence is equiv-
alent to minimizing the squared difference between the predicted noise of the model €y(x;, t)
and the true noise ¢;. This yields the simplified training loss:

simple
L™ = Eq(arjao) [lleo(ze,t) — €]

This elegant reformulation has become the standard objective in Denoising Diffusion Proba-
bilistic Models (DDPM). Instead of directly predicting x( or z;_1, the model learns to predict
the noise €; added to z( at timestep ¢. This noise-prediction formulation forms the founda-
tion of most modern diffusion models and enables efficient and scalable training across high-
dimensional data domains such as images, audio, and time-series.

simple
Lt Pe = EQ(xtPﬁo) [H‘E@<xt7t) - Et”ﬂ

The full training objective aggregates the loss across all timesteps, which forms the foundation
of DDPM training.

T
Liotal = ZEq(xt,xo) [HEQ(It, t) - EtHQ] -+ const
t=1
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D Conditional Diffusion Model

D.1 C(lassifier Guidance

In “Improved Denoising Diffusion Probabilistic Models” by Dhariwal and Nichol (2021),
the authors introduce a powerful method known as Classifier Guidance, which enables con-
ditional generation in diffusion models without modifying the original training process. This
approach leverages a separately trained classifier to guide the reverse diffusion process dur-
ing sampling by computing gradients of the log-probability logps(y | z:). By injecting this
gradient into the denoising update, the model can steer samples toward the desired condition y.

Bayesian Reformulation of the Posterior. The objective of classifier guidance is to sample
from the class-conditional distribution p(z | y), where x, denotes the clean data and y is the
desired condition such as a class label. Since direct sampling from p(z, | y) is intractable,
we approximate it via a reverse diffusion process that incorporates the guidance of a separately
trained classifier p,(y | ;) at each time step ¢. The diffusion model defines the unconditional
reverse process as:

p9<xt71 ‘ :Ut) = N(xtfl;MH(xtat% Zg(l’t,t)), where

1o and Xy are outputs of the neural network trained to approximate the true reverse transitions.
To incorporate condition ¥, we aim to sample from the conditional posterior:

pe,qs(!ﬂtq ’ T, ?/)7

which is difficult to model directly. However, by applying Bayes’ rule, the joint distribution
over x;_1 and y can be factorized as:

p9,¢($t717y | mt) = p@(mtfl ‘ $t)P¢(y ’ xtfl)
Thus, the conditional distribution becomes:

pe(ﬂé’t—l | $t)p¢(y ‘ 551:—1)
Po.¢(Ti1 | e, y) =
PR ' p¢(y | xt)

o8 p@(xt—l | $t)p¢(y | xt—l)

Here, ps(y | x;) serves as a normalization constant with respect to x;_; and does not influence
the sampling trajectory. This implies that the reverse transition distribution is modulated by
the classifier’s preference for samples belonging to the target class y. In practice, the classifier
ps(y | ) is trained using noisy inputs z; that are obtained by diffusing clean samples z, through
the forward process. The training objective typically adopts a cross-entropy loss, particularly
suited for classification tasks. In the case of multiclass classification with C' classes, the classi-
fier ps(y | x+) is modeled using a softmax function applied to class logits z = (21, 29, . . ., 2¢)
such that:

exp(ze)

—c -, Where
> =1 exp(z;)

Py = clw) =

Ze = fd(f) (x4) denotes the logit output for class ¢ produced by the classifier network. The
cross-entropy loss then measures the negative log-likelihood of the true class label y under this
softmax distribution:

exp(zy) ]

Eclf - _E(zo,y) [lng¢>(y ‘ xt)] = _E(xo,y) llog —C .
Zj:l exp(z;)
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This formulation ensures that the classifier learns to assign a high probability to the correct
class, even when the input is a noisy intermediate sample x;. More importantly, it enables
the computation of the gradient V,, logps(y | x;) during sampling. These gradients act as
guidance signals that adjust the reverse denoising trajectory in the diffusion process, guiding
the generated samples toward regions that are likely to be under the target class label y, thus
allowing controlled generation of conditions of the class.

Perturbed Gaussian Approximation. As established in the previous subsection, the classifier-
guided posterior at each reverse step can be expressed as:

Pog(Ti1 | T, y) X po(xi-1 | 24) po(y | w4-1) 5)
The base reverse distribution py(z:—1 | x;) is modeled as a Gaussian and the likelihood of the
classifier p,(y | ;1) acts as a guidance term. While this formulation is theoretically sound,
direct sampling from such a distribution is generally intractable due to the non-Gaussian nature
of the classifier term. To make sampling practical, we approximate the conditional posterior
using a perturbed Gaussian. Specifically, we assume that the base model outputs a Gaussian
distribution:

po(xi1 | m) = N(24-1; po(y), Xy), where
e and 3, are computed from the diffusion model. Then, we apply a first-order Taylor expan-
sion to the classifier log-probability term log ps(y | 2;—1) around z;:

log po(y | w1-1) = 1og pe(y | 1) + Ve, logpy(y | 2,) " (211 — 21) (6)
Substituting the first-order Taylor approximation (6] into the conditional distribution (5)) yields:

log po,g(zi-1 | 74, y) = logpe(wi—1 | 2¢) +logpg(y | v4-1)
= log N (z-1; 1o, £¢) + log ps(y | 7-1)
~ =3 (@1 — po) S (w1 — pg) + Vi, log pg(y | @) (w1 — 1) + C
- _%@t—l — o) S, (@1 — po) + (w1 — po) ' X7 g + Cy, where
g = Vg, logpe(y | x1)
= _%@t—l - Mnew)TEt_I(xt—1 — fnew) + Co, Where fiey := ftg + 219

Hence, the classifier-guided conditional posterior can be effectively approximated by a Gaus-
sian distribution with a perturbed mean:

L1 ~~ N(H’newa Et)a where Hnew = Mo + Etvxt 10gp¢<y | xt)

This result demonstrates that the effect of the classifier is to shift the mean of the reverse
diffusion distribution toward regions of higher likelihood under the target class label y, while
maintaining the same covariance structure X; as in the unconditional model. The guidance
signal V, log ps(y | z) steers the denoising trajectory by modulating the reverse transitions in
a way that increases class consistency, thereby enabling conditional sample generation without
retraining the diffusion model itself. To flexibly control the degree of guidance, a user-defined
scaling factor s > 0 is introduced:

M%uided = g + Sztvxt logp¢(3/ ’ xt)’

which allows tuning the balance between class-conditioning fidelity and sample diversity. The
higher values of s produce samples more aligned with the target condition y, at the expense of
reduced diversity, while the lower values allow for broader exploration but looser conditioning.
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Gradient Computation and Losses. The classifier guidance mechanism relies on the gradi-
ent V,, log ps(y | x;), which is computed from a pretrained classifier p,. This classifier is
trained independently of the diffusion model, using cross-entropy loss on noisy inputs x; that
are generated by diffusing clean samples z( through the forward process.

* Classifier training loss. Formally, the classifier is optimized using:

Lclf - _E(xo,y)wpdm, t~Unif[1,T [logp¢(y | ‘/Et)] ) where
xy ~ q(xy | ko) = N (245 /auxg, (1 —ay;)I) is obtained via the forward diffusion process.

* Denoising model loss. The diffusion model ¢y is trained in a standard (unconditional)
DDPM setting by minimizing the MSE between the predicted noise and the true noise:

,C(Vlz‘;‘;}fe =E;p et [||e — eg (4, t)HQ] . where x; = /g + V1 — aue

* Classifier-guided gradient adjustment. During sampling, the classifier guidance mod-
ifies the reverse denoising trajectory. Instead of sampling from the unconditional reverse
process, we want to steer the sample x;_; toward the target class y using the classifier’s
guidance. This is done by modifying the mean of the Gaussian reverse transition:

pE = (e, t) + 5 - D4V, log po(y | 1),
which results in a shift in the expected clean sample z( toward the class manifold by y.
Given that the predicted clean sample Z( can be expressed from the noise prediction as:

i’o = — Tt — 1—dt'€9(xt,t)

VA (e )
We can reinterpret the effect of classifier guidance as modifying the predicted noise €4 to
a guided noise €, such that:

. oui 1 —
x%mded — \/d_t («Tt — V1 —ay- enew)

The modified noise term ¢, arises from adjusting the predicted clean sample 2 in the
direction of the classifier gradient, thus guiding the reverse denoising process toward
samples of the target class. Recall that in standard DDPM, the clean sample estimate is
reconstructed from the noisy input z; and the predicted noise ey(xy, t) as:

To = \/15é_t (It —V1—-a- €9<It,t))

In classifier guidance, this estimate is modified to steer sampling toward high-probability
regions under the classifier ps(y | z;):

F8 = G 4+ Vo, log pg(y | 71), where

7 1s a scaling factor. Substituting this into the inversion formula of % gives:

. 1
,]Aj%mded _ _ (fﬂt — \/1—70_4,5 : Gnew)

ay
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Solving for ey yields:
. T — \/d_t . j;%ulded
VT—a
~ guided

Substituting = o+ 1 - Vg, logps(y | x;), and using the expression for Z,, we
obtain:

ot Vau (o1 Vi logps(y | 24)
- VI—a
Ty — Q- (\/%(act —V1—ay-€) +n-Vylogps(y | xt))
- Vi—a;
= ep(x1,t) =1 V1= a1 - Vo, logpy(y | z1)

This formulation reflects how the classifier guidance modifies the original noise predic-
tion €y to incorporate the label information during sampling.

* Classifier-guided denoising loss. With this new target, the denoising loss becomes:

Egzrilieige = Eyp et [HG - EneW||2] )

which encourages the model to not only denoise, but also to generate outputs consistent
with the target class. This formulation allows the classifier’s gradient to act as a correc-
tive signal that shifts the denoising direction. The diffusion model does not need to be
retrained; instead, this guidance is applied only during sampling by modifying the mean
or noise prediction using:

€new — Ee(xt;t> Y 11— Qg - th lng¢(y | xt)? or
Ti—1 N(,UQ + s Etvxt logp¢(y | 'It)v Zt)

Classifier-Guided Noise Modification

When the guidance strength n = 1, the adjusted noise estimate simplifies to the
widely adopted form:

€new = 69(%,15) -V 11— @t : v:(:t Ingtb(y ‘ xt)

This formulation shows how classifier guidance modifies the original noise pre-
diction €y(x4,t) by incorporating the gradient signal from a pretrained classifier
ps(y | x¢). The gradient V,, logp,(y | x;) effectively steers the reverse diffusion
trajectory toward regions in the data space that are more likely to be associated
with the desired label y.

Importantly, the hyperparameter 7 allows interpolation between unconditional and
conditional generation. When 7 = 0, the classifier gradient term vanishes, and the
expression reduces to:

€new = 69(%, t)v
which corresponds exactly to the original DDPM denoising formulation. Thus,

setting 7 = 0 disables classifier guidance, and samples are generated purely based
on the learned denoising model without label conditioning.
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D.2 Direct Conditioning

In “Cascaded Diffusion Models for High Fidelity Image Generation” by J. Ho et al. (2022),
the authors propose a conditional variant of diffusion models in which the generative process
is explicitly guided by auxiliary information such as class labels, text descriptions, or low-
resolution images. A key approach introduced in this work is to incorporate the condition
directly into the reverse denoising process — a method commonly referred to as Direct Con-
ditioning. Unlike Classifier Guidance, which utilizes the gradient of an external classifier
during sampling and does not require modifying the original diffusion model architecture, Di-
rect Conditioning integrates the condition into the model itself at both training and inference
time. This results in a unified, end-to-end conditional generative model without reliance on a
separate classifier. In conditional diffusion models, the goal is to generate samples that align
with a specific condition or label, such as a class, text prompt, segmentation mask, or observed
time series data. The most straightforward way to incorporate such conditions is to directly
condition the denoising network on the additional input. Let xy be a clean data sample and ‘c’
be the associated condition (e.g., class label or text embedding). The forward diffusion process
remains unchanged from the unconditional setting:

a(ws | w0) = N (2 V/ayo, (1 — a)I)

Here, no noise is applied to the condition c. We treat training data as paired tuples (zg, ¢), and
only x( undergoes noise corruption.
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Figure 18: Integrating conditions in a direct way

Conditioned Reverse Process. The reverse process is modified to incorporate an external
condition c (e.g., a class label or text description). At each timestep ¢, the model predicts the
noise € added to the data using not only the noisy input x; and timestep ¢, but also the clean
condition ¢ as an extra input. To do this, we re-train the model to receive the paired input (z, ¢)
and learn the conditional noise predictor:

Eo(ffm tv C)

This prediction is used to compute the denoised mean in the Gaussian reverse transition:
2
Po(Ti—1 | T4, €) = N(fft—ﬁ po(ze,t,¢), 001)
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where

po(xe,t,c) = \/La_t (fft - \/% 66(%,?570))

This approach explicitly alters the generative trajectory according to the condition c, allowing
the model to generate samples that are consistent with the specified label or context. Impor-
tantly, the condition ¢ remains uncorrupted throughout the process (i.e., no noise is added to it),
and the model is trained on paired data (x, c) where only x is diffused.

Implementation Details. To effectively inject the condition c into the denoising network, the
first step is to embed it into a dense vector representation e, = F/(c). The embedding function
E depends on the nature of the condition and can take various forms:

* Learned embedding layer: Typically used for discrete class labels or small vocabular-
ies.

* Pretrained encoder: For more complex or structured conditions such as text or time-
series, encoders like BERT, LSTM, or GRU are commonly used.

* Multimodal encoders: In vision-language models, CLIP or ViT (Vision Transformer)
encoders are often used to embed image-text pairs.

* Positional/temporal encoding: For sequential conditions (e.g., observed sensor data),
positional encodings or Transformer-style temporal embeddings can be added to retain
order information.

Once the condition is embedded into e, it is integrated into the denoising architecture using
one or more of the following strategies:

* Concatenation: The simplest approach is to concatenate e, with the noisy input x; or
intermediate feature maps within the network.

* Conditional Normalization: Feature-wise modulation is performed by injecting e. into
normalization layers such as BatchNorm, GroupNorm, or LayerNorm. Common imple-
mentations include Feature-wise Linear Modulation (FiLM) and Adaptive Group Nor-
malization (AdaGN).

* Cross-Attention: The embedded condition e, is used as the key and value in a cross-
attention mechanism within the denoising U-Net or Transformer. This allows the model
to dynamically attend to the relevant parts of the condition at each spatial or temporal
location. Cross-attention is the dominant method in large-scale text-to-image models
such as Stable Diffusion.

* Feature-wise Affine Transformation: Beyond FiLM, some architectures apply a learned
affine transformation on intermediate feature maps conditioned on e..

» Adapter or Gating Modules: In Transformer-based diffusion models, lightweight adapter
layers (e.g., LoORA) or gated residual paths (e.g., Gated AdalLN) are used to selectively
inject condition information while minimizing the number of learnable parameters.
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D.3 Classifier-Free Guidance

Dropout-Based Training. Classifier-Free Guidance (CFG), introduced by Ho and Salimans
(2021), enables conditional generation using a single denoising model €y (xy, t, y) trained with
both conditional and unconditional objectives. During training, the condition y is randomly
dropped with probability payop, and replaced with a special null token () to simulate an uncondi-
tioned setting. The model is then trained to minimize the standard noise prediction loss under
both settings:

Emo,y,t,e,ngrop(y) [HE@(IEt, L, g) - EHQ} , where

y = y with probability 1 — pa,op and § = () with probability payep. This dropout-style training
encourages the model to learn both conditional and unconditional denoising behavior, enabling
flexible guidance at inference time using only a single network.
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Figure 19: CFG Paradigm compared with CG

Inference via Linear Combination. At inference time, the model outputs two noise predic-
tions for each noisy sample z;:

€. = €g9(xy,t,y) (conditional prediction)
€w = €p(x4,t,0) (unconditional prediction)
These are then combined via a linear interpolation to amplify the influence of the condition:
€ =€, +w(e. —¢€,), wherew > 1

The modified denoising step uses € in place of € such that:
1
Vo
Ti—1 = Mt + \/0-162'27 ZNN(()?I)

Therefore, the guidance scale w controls how strongly the generation is influenced by the con-
dition y. Larger values of w yield more condition-faithful outputs, but may also increase sample
distortion or reduce diversity.

(mt — /1 —Ozté)

My =
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Eg(Xp, ¥, t) = €9(xp, ¥, t) + s(€g(Xp Y, t) — €9(x,, £)) = €5(X,, Y, 1) + SA,
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Figure 20: Inference via Linear Combination

Classifier-Free Guidance (CFG) offers several practical advantages that make it particularly
appealing for large-scale generative models. Most notably, CFG eliminates the need for an
external classifier, in contrast to traditional classifier guidance methods that rely on a separately
trained model during sampling. This simplification reduces architectural dependencies and
improves portability. Additionally, CFG uses a single denoising model that is trained to handle
both conditional and unconditional scenarios. This unified approach enables efficient training
and deployment. Perhaps most importantly, CFG introduces the ability to flexibly control the
strength of conditioning at inference time via a guidance scale parameter w. By adjusting w,
practitioners can modulate the trade-off between fidelity to the condition and output diversity
without retraining the model.
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Figure 21: Role of guidance scale parameter

Despite these advantages, CFG introduces a couple of key hyperparameters that must be care-
fully selected. One such parameter is the dropout rate pq,.p, typically set between 0.1 and 0.2,
which determines how often the condition is randomly dropped during training. This parame-
ter directly affects the model’s ability to generalize across both conditional and unconditional
modes. Another important hyperparameter is the guidance scale w, often set in the range of 1.5
to 3.0, which controls the relative weighting between conditional and unconditional predictions
during sampling. Tuning this value is essential for balancing the trade-off between condition
faithfulness and generative diversity. In practice, these trade-offs have proven to be manage-
able, and the flexibility and simplicity of CFG have made it the standard conditioning approach
in many diffusion-based generative models, including Stable Diffusion and its variants.
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